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Abstract

Without doubt unit roots and related tests play an important role in empirical eco-
nomics and it is widely acknowledged that non-linear features like structural breaks
or regime switches are present in time series data. Furthermore, there are numerous
examples of time series which are under 1(0)/I(1) consideration and suspected to
exhibit non-linearities at the same time. Therefore, we consider the model selection
problem of discriminating between linear I(0) and linear I(1) as well as non-linear
1(0) and non-linear I(1) models. However, as a specific type of nonlinearity we con-
strain ourselves to STAR processes which are quite frequently used in economic appli-
cations. We propose two-step testing-based model selection rules and compare their
small-sample performance by means of a large-scale Monte Carlo study. The one-step
procedure by Harvey and Leybourne (2007) serves as the benchmark. As none of the
considered rules appears to be dominating, we suggest a unified two-step rule which
is based on robust pre-testing for linearity. The unified procedure outperforms the
benchmark especially for non-linear models. An empirical application to US interest

rates underlines its usefulness in practice.

JEL-numbers: C22, C52

Keywords: Unit roots, nonlinearity, smooth transitions, model selection

*We would like to thank the participants of the CREATES research seminar for their helpful

comments.



1 Introduction

Since the seminal works of Dickey and Fuller (1979) and Nelson and Plosser (1982)
the question whether a time series contains a unit root and is therefore integrated
of order 1, that is I(1), or whether it is a stationary process, that is I(0), attracted
much attention in econometric research. As an I(0) process can be interpreted as a
process fluctuating around a stable equilibrium the question whether a given time
series is I(0) or I(1) is equivalent to confirm or reject miscellaneous economic the-

ories.

The literature on testing for a unit root against stationarity and vice versa was for
a long time concentrated on linear processes. However, in the last decade it be-
came more and more evident that many economic time series share properties of
non-linear processes. Especially, structural breaks and regime switching are the
most often considered types of non-linearity. Whereas early papers concentrated
on the question whether a stationary process is linear or non-linear (see for exam-
ple Luukkonen et al. (1988), Lee et al. (1993) or Brock et al. (1996)) the focus of
econometric research recently is on testing for a unit root against stationary non-
linear alternatives (see for example Kapetanios et al. (2003)). Choi and Moh (2007)
provide an extensive simulation study on the usefulness of sevearl unit root tests

against non-linear alternatives.

Moreover, there are numerous examples of time series which are under 1(0)/I(1)
consideration and suspected to exhibit nonlinearities at the same time. Therefore,
it is important to distinguish between linear and non-linear models in addition
to stationary and non-stationary models. We consider in this work the model se-
lection problem of discriminating between linear I(0) and linear I(1) as well as
non-linear I(0) and nonlinear I(1) models. Each of these models has a different

economic interpretation and other implications in terms of forecasting, economic



modeling and analysis of impulse-response functions. The aim of this paper is to
suggest testing-based model selection rules which allow a reliable classification of

time series into one of these four model classes.

We study two different types of model selection rules. As a measure of perfor-
mance we use the number of correct selections instead of size and power as we
do not consider a test but testing-based model selection rules. First, we discuss a
simultaneous procedure based on a linearity and a stationarity test which are in-
dependently computed. This procedure was proposed by Harvey and Leybourne
(2007). They use a linearity test which is robust against non-stationarity of the time
series. As this robustification induces significant power losses in small samples,
we propose an alternative procedure which can be seen as a two-step or sequen-
tial procedure. In a first step, a unit root or a stationarity test is applied and the
test result is used to choose the appropriate test regression for linearity. If the test
suggests that the time series is I(0), then the Wald-type linearity test is based on
a test regression in levels and otherwise in first differences. As a stationarity test
we use the test of Harris et al. (2003) or alternatively the non-linear unit root test
of Kapetanios et al. (2003). However, it turns out that both procedures have better
success rates if the Harris et al. (2003) test is used. More importantly, two-step pro-
cedures outperform simultaneous model selection rules in general, and especially

the one proposed by Harvey and Leybourne (2007).

It should also be mentioned that we focus on STAR non-linearity which is one of
the most popular non-linear models. As there are innumerable non-linear mod-
els around, it is impossible to create a unified procedure for all of them but our
procedure can easily be generalized to Threshold AR or Markov Switching AR
non-linearities. In addition, the linearity tests which are used here are based upon

a Taylor approximation and the resulting test regressions may capture a lot of dif-



ferent types of non-linearities.

The paper is organized as follows. Section 2 introduces STAR models. Section
3 describes the linearity tests used and section 4 gives the unit root and station-
arity tests. In section 5 several model selection rules are proposed and section 6
contains a Monte Carlo study showing the success rates of the various model se-
lection rules. Section 7 includes empirical applications to US government bond
yields, the one-month interbank rate and the spread between them. Section 8 con-

cludes. All Tables and Figures can be found in the Appendix of this chapter.

2 Non-linear STAR model

In the following section we briefly discuss the often applied first-order stationary
STAR process and a non-stationary variant of it that has been studied by Harvey

and Leybourne (2007).

Non-linear stationary STAR model
Consider the non-linear data generating process (DGP) for y; with constant 1 and

let timebet=1,2,...,T,

Yyi = pH+u (1)
v = ¢vp_1+0f(v4-1,0)v4-1 + & (2)
e ~ i.i.d.(0,0%). 3)

The error term ¢; is assumed to be a white noise process with mean zero and vari-
ance 0. The autoregressive parameters in this model are ¢ and 6. Non-linearity
arises due to the presence of the smooth transition function f which depends on
the two-dimensional parameter vector 8 = (y,c)’, where y > 0 determines the

shape and ¢ € R the location of f. Common specifications for f are the exponen-



tial (fr) and the logistic (f1) smooth transition function

fe(vr-1,0) = 1—exp{—y(v;-1—¢)*} (4)

2
fle®) = eptan a1 1 ©

The main difference between them is the symmetry of fg and the asymmetry of
f1 with respect to v;_1 — c. It is implicitly assumed that the DGP is self-exciting,
which means that a lag of the process itself, the first lag (y;—1) in our case, is the
transition variable. A further assumption is that there are two regimes with a
smooth transition between them. The first regime is characterized by f = {fg, fL.} =

0 and the second by f =1,

v = ¢vi_1+é, f=0 (6)
vp = (p+0)v_1+e, f=1. )

Since this model comprises a linear AR process in each regime, we can measure
local persistence by the sign and the magnitude of the autoregressive parameter in
the respective regime, which is given by ¢ and ¢ + ¢, respectively. In particular,
local persistence changes smoothly from ¢ to ¢ + 6. Note that all other character-
istics of the process, e.g. the variance of the error term ¢;, are not changing as a

regime switch occurs.

If f = fg, then y; is globally stationary if |¢ + 6| < 1, while |¢ + | < 1 must
be fulfilled in order to achieve global stationarity under f = f;, see Harvey and
Leybourne (2007). Therefore, the stationarity condition for logistic STAR models
are far more restrictive. Note, that a local unit root (¢ = 1) or even local explosive-
ness (¢ > 1) is permitted in the case of an exponential smooth transition function
(f = fr) while maintaining global stationarity of y;. If f = f; is specified, such

behavior is ruled out due to stronger restrictions for stationarity.



Non-linear non-stationary STAR model
Analogously to the nonlinear I(0) DGP, Harvey and Leybourne (2007) consider an

I(1) version of it where non-linearity enters through first differences, i.e.

Yi = U+t (8)
Avy = PAvi_1+ Af(Avp_1,0)Avi_1 + €4 . 9)

In contrast to the previously discussed DGP, this one has an autoregressive lag
structure of two and is globally non-stationary, which becomes more obvious after

some rearrangements y

yo = pto (10)
vy = [1 + ¢+ Af(AUt_l, 9)] U1 — [d) + /\f(AUt_l, 9)] Ut_p + €. (11)

The autoregressive parameters sum up to one, implying at least one unit root,
regardless of the value of the smooth transition function f. This property still

holds if the two extremes of f are considered,

vp = (14+¢)vr 1 —pvrn+e, f=0 (12)
v = (I+dp+ANvi1—(p+ANvpn+e, f=1. (13)

Suppose that f = fg. If ¢ = 0, then the lag structure changes from one to two as
a regime shift occurs. Furthermore, if f = 0, then the process exhibits a unit root
and if f = 1, then one root lies on the unit circle while the other one lies outside of
it aslong as 0 < A < 1 holds. Moreover, if ¢ = 1 and —1 < A < 0 then two unit
roots are present under f = 0, while for f = 1 one root lies again on the unit circle
and the second lies outside. A third case that is studied in the following is given
by the setting ¢ = 1.5 and —1.5 < A < —0.5 which implies one unit root and one
root inside the unit circle for f = 0, and one unit root and one root outside the
unit circle for f = 1. Hence, the non-linear and non-stationary exponential STAR
model can have very different local persistence properties while it is globally non-
stationary. Similarly to the stationary non-linear STAR model, such rich dynamics

are not permitted if the logistic transition function (f = f1) is assumed.
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3 Testing time series linearity

The non-linear DGPs that were presented in the previous section become linear
under the constraint that the smoothness parameter equals zero, i.e. ¥ = 0. This
holds true for the stationary as well as for the non-stationary DGP. Additionally,
linearity can be achieved by setting & (for the stationary DGP) or A (for the non-
stationary DGP) equal to zero. This means that if Hy : ¥ = 0 is tested against
Hy : v > 0, 6 or A appears to be a nuisance parameter under the null hypothesis.
This circumstance is often referred to as the Davies problem, see Davies (1987).
Luukkonen et al. (1988) suggested to overcome this problem of unidentified pa-
rameters under Hy by applying a Taylor approximation to the smooth transition
function f around y = 0. This approach has been widely adopted and also applied
by Harvey and Leybourne (2007) who employ a second-order expansion. In partic-
ular, when such an approximation is applied to the stationary and non-stationary

DGP respectively, we get

ye = Bo+ PBiyi-1+ Bayiq + Bayiq + e (14)
Ay = Bo+ Badyi1+ Bs(Ayi_1)* + Be(Ayi—1)® + et . (15)

The first equation is the Taylor approximation for the stationary I(0) process and
the second equation is the one for the corresponding non-stationary I(1) pro-
cess defined above. These auxiliary regression serve as the basis for testing lin-
earity which is done by testing H) : B, = B3 = 0 (for the stationary DGP) or
H| : B5 = B¢ = 0 (for the non-stationary DGP). Allowing for both degrees of inte-
gration simultaneously, I(0) as well as I(1), Harvey and Leybourne (2007) propose
a hybrid test regression that incorporates terms from both individual test regres-

sions, i.e.

y = Po+Biyi_1+ Bayrq+ B3y g
+BaAYi-1 + Bs(Ayi_1)* + Be(Ays—1)° + et . (16)



Now, the null hypothesis of linearity corresponds to four restrictions formulated
as Hj : B2 = B3 = B5 = B¢ = 0, while the alternative of non-linearity can be
written as H/ : atleast one of 32, B3, B5, B¢ # 0. Harvey and Leybourne (2007)

suggest the Wald statistic
W — RSSy — RSSq
T™ 7RSS /T

where RSS; denotes the sum of squared residuals under H; and T is the number

(17)

of observations used in the test regression. Let us denote the Wald statistic (17)
computed via (14) by W% and the one computed via (15) by W1, where the ex-
ponent indicates the (implicitly) assumed degree of integration. Standard results
imply that the limiting distribution of W4 is x?(2) if y; is I(d) with d = {0, 1}.
Harvey and Leybourne (2007) derive the non-standard distribution of WY if y; is
a linear random walk. Following the notation of Harvey and Leybourne (2007),
Wo(= x*(4)) denotes the limiting distribution of W2 under y; ~ I(0) and W,
denotes its limiting distribution under y; ~ I(1). In order to achieve the same
limiting distribution under both degrees of integration, Harvey and Leybourne
(2007) make use of Vogelsang’s (1998) approach. Consider the transformed Wald
test statistic

Wi = exp{—bH1}Wr, (18)

where b is a non-zero constant and Hry is a statistic for testing I(1) versus I(0)
with a pivotal limiting distribution under the null hypothesis. In addition, it is
necessary that it converges to zero in probability under the alternative. Harvey
and Leybourne (2007) set Hr = |DFr|~!, with DFy being the Dickey-Fuller t—

statistic obtained from
yr = mo+myr1+ KAyt et

In order to have the same critical values under both degrees of integration, that
is P(Wy > cs) = P(exp{—bH}W; > c¢x) = «, the constant b, which depends

on the significance level «, has to be chosen accordingly. Harvey and Leybourne



(2007) provide a response surface by fitting a seventh—order polynomial. There-
fore, asymptotic critical values can be computed easily for any desired significance
level . This approaches, however, makes it impossible to use p-values because the

test statistic W depends on the significance level.

The test regressions (14) and (15) can be used instead of (16) if the degree of in-
tegration is known, which is hardly the case in practice. Harvey and Leybourne
(2007) show that the robust test has a good overall performance, but the price paid
for robustification against non-stationarity can be high in terms of power. For ex-
ample, if T = 300, the power loss that results from using W instead of W1 can be
up to twenty or nearly thirty percent for exponential or logistic processes, respec-

tively.

4 Testing for and against unit roots

Unit root test
The unit root test we consider in this paper is the one proposed by Kapetanios
et al. (2003). It builds upon a first-order Taylor approximation of a stationary

exponential STAR model. The resulting test regression reads

p—1
Ay =Yy} + Y. iy + &
i=1

where the error term ¢; contains the Taylor approximation remainder that equals
zero under the null hypothesis Hy : 1 = 0. The alternative hypothesis is given by
Hj : ¢ < 0 which ensures global stationary. The authors suggest a Dickey-Fuller-
type t-statistic given by

A

_ ' _ Y1 yi 1Ay

tT - 7
var(1) \/ 62 Z;le 1/?—1

where 6% = % YL (Ay: — Py? |)? is the usual estimator of the error variance. For

(19)

reasons of comparability with the stationarity test described in the next paragraph
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and because of empirical relevance we use de-meaned data ; = y; — 7 where ¥

denotes the mean of y;.

Following the proof of consistency given in Kapetanios et al. (2003), one can verify
that the test is consistent against stationary linear autoregressive processes as well.
However, little is known about the small sample performance of this test if the true
data generating process is actually non-stationary but non-linear as well. In sec-
tion 6, we conduct the empirical size and power of the Kapetanios et al. (2003) test
if data is generated by (non-stationary) exponential and logistic STAR models. In
the following, the lag length p is set equal to two because the non-stationary STAR

process is of order two.

Stationarity test
Harris et al. (2003) propose a test for stationarity against a unit root that is based
on sample autocovariances. Define a;; = 7;7;_k, where #j; denotes the deviation

of y; from its mean 7 = 7 ¥/, y:. The test statistic is given by

1 Yk 4
- ~ % N(0,1 2
T TR ofa) 1) 20

where cb(at,k)z is the Bartlett kernel-based long run variance estimator of 4; . More

specifically,
l .
w(ae)® = Folage) +2) (1—9 Vi(ark) (21)
j=1
1 T
?j(ﬂt,k) = T Z At kAt—jk (22)
t=j+k+1

The test rejects the null hypothesis of stationarity for large values of St. Since
the simulation study in Harris et al. (2003) is somewhat limited, we extend their
simulation analysis by considering the empirical power of St if the data generating

process is (non-)stationary and non-linear, see section 6.
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5 Testing-based model selection rules

The benchmark testing-based model selection rule is the one used in Harvey and
Leybourne (2007) and it can be classified as a simultaneous procedure since it con-
sists of two independently computed test statistics. These two statistics are the
Harris et al. (2003) stationarity statistic St and the robust linearity statistic Wr.
This model selection rule is referred to as R;. If, for example, both tests lead to
a rejection (R) of their respective null hypotheses, we conclude that the process
is non-linear I(1). This procedure is depicted as follows, where NR stands for a

non-rejection:

S, Wi —NENR - 10)
Sr,Wr —2N (1)
Sr, Wi — NRR L NL-1(0)
S, Wi — =8 NL-1(1)

The success rate of a model selection rule is measured as the the relative frequency
of correct selections. If, for example, the true DGP is linear I(0), the success rate is

simply the percentage of correct decisions for the category L-I(0).

In the following section 6 we compare Ry with a little modification of it, labeled as
R4, where we employ the Kapetanios et al. (2003) test instead of the Harris et al.
(2003) test, by means of a Monte Carlo study. Moreover, we propose two versions
of a two-step procedure that consists of a unit root or a stationarity statistic in a

first step and a linearity test in the second step. The first-stage result is used to

11



select the appropriate test regression: if the test in the first stage gives evidence for
1(0) we run the linearity test regression in levels, see equation (14), and otherwise
in first differences, see equation (15).! The model selection rule R, applies the
Kapetanios et al. (2003) test in the first step, while R3 uses the Harris et al. (2003)
test instead. Note, that the second step of R, and Rj is identical. For example, the

Rz procedure can be depicted as:

NL-I(1)

A

NL-I(0)

/
A

é\

L-1(0)

The intuition behind the two-step procedures is as follows: the robustification of
the linearity test that is achieved by applying W instead of W or W1 induces a
substantial power loss in small samples which is not surprising at all. We analyze
whether this power loss can be reduced by first selecting the appropriate linearity
test regression given by equation (14) or (15). Note that the linearity test can be im-

proved if the degree of integration is known, see Table 3 in Harvey and Leybourne

IThis approach is also mentioned in Sandberg (2008).
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(2007). In practice, the degree of integration is generally unknown, but if we can
exploit the information of a powerful test for I(0) or I(1), then the assumption
of an unknown degree of integration becomes superfluous. Table 1 gives a short

overview over different data generating processes and model selection rules.

6 Monte Carlo study

This section reports results of a variety of simulation experiments that shed light
on the empirical small sample properties of the four model selection rules. In a
first step, we study the performance of the Kapetanios et al. (2003) unit root test
and the Harris et al. (2003) stationarity test under non-linear I(0) and I(1) pro-
cesses. On the one hand, it is not clear whether the Kapetanios et al. (2003) test
is correctly sized under non-linear I(1) DGPs and on the other hand there are no
simulation results available yet that allow to draw conclusions about the behavior
of the Harris et al. (2003) stationarity test under non-linear I(0) processes. Fur-
thermore, we are interested in the power of the Kapetanios et al. (2003) and the
Harris et al. (2003) test if the DGP is of non-linear STAR-type. The interpretation
of outcomes of different model selection rules will be easier when we have these

results in mind.

The parameter settings we consider are a large subset of those used in Harvey and
Leybourne (2007) in order to achieve comparability. The nominal significance lev-
els are one, five and ten percent for the size and power analysis of the Kapetanios
et al. (2003) and the Harris et al. (2003) test, while we use a nominal five percent
level of significance for the study of model selection rules. The sample size is cho-
sen as T = 300 which is also used in Harvey and Leybourne (2007). Following
Harvey and Leybourne (2007), we set k = [2T'/2] and I = [12(T/100)'/4], where

[x] denotes the nearest integer of x, for the Harris et al. (2003) test. Moreover, the
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lag length (p) for the Kapetanios et al. (2003) test is set equal to one.

Table 2 reports the empirical sizes and powers of the Kapetanios et al. (2003) test
and the Harris et al. (2003) test under ESTAR 1(0)/I(1) and LSTAR 1(0)/I(1) pro-
cesses. We observe that the Kapetanios et al. (2003) test is a bit undersized if the
the true DGP is non-linear I(1). The only exception can be found in the last row.
The same conclusions hold true for the Harris et al. (2003) test as well, where
we also observe an exception. Although we do not provide an analytic proof, we
conjecture that the distributions of t7 and St depend on the parameters of the
non-linear DGP because their performance varies with these parameters. In order
to cope with this problem a suitable bootstrap algorithm could be used to obtain
more accurate critical values which is beyond the scope of this paper. Regarding
the power properties both tests show quite good performance. The Kapetanios
et al. (2003) test often reaches hundred percent of power, while the power of the
Harris et al. (2003) test is also quite high. In particular, both tests appear to be very
powerful against logistic STAR models.

When analyzing the performance of the four model selection rules we choose a
nominal significance level of five percent. We start with linear first-order autore-
gressive processes, labeled as L-I(0), see Table 3. The autoregressive parameter
¢ takes the values 0.00,0.30,...,0.99,1.00. The local-to-unity values are chosen
because it gets very difficult for unit root and stationarity tests to distinguish I1(0)
from I(1) processes in this region. If ¢ lies between zero and 0.7 we cannot ob-
serve big differences between the four model selection rules and all of them show
very good performance. In the local-to-unity region, the performance of R, and
R4, which are both based on the Kapetanios et al. (2003) test, worsens dramati-
cally. On the contrary, the model selection rules Ry and Rj3, which both use the

Harris et al. (2003) test, are performing relatively good although the frequency of
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correct decisions is not extremely high at ¢ = 0.99, but this could not be expected
anyway. Wrong decision are made clearly in the direction of linear I(1) processes

which is due to the behavior of the unit root and the stationarity test.

Next, the accuracy of model selection rules R; to R4 is analyzed for stationary
non-linear exponential STAR processes. Results are reported in Table 4. Both si-
multaneous rules (R; and Ry) are clearly outperformed by both two-step rules and
in particular by R,. However, in the experiments where ¢ = 0, R; is dominated by
Rj3. Furthermore, the results for local unit root (¢ = 1.0) and local explosiveness
(¢ = 1.5) suggest that the differences between both two-step methods are not big
but Ry, dominates R3. One exception to this is the case of ¢ = 1.5,A = —1.0,y =
0.1, which is due to the fact that the Harris et al. (2003) test is definitely oversized
in this case, see Table 2. The overall performance of R, and Rj is satisfying and
the gains with respect to Ry range from four to nineteen percent. Additionally,
we observe only little differences between the two simultaneous rules Ry and Ry.
Moreover, wrong decisions are often made in the direction of linear I(0) processes
because of the type Il-error of linearity tests. It is rarely the case that the process is

misclassified as non-stationary regardless of which model selection rule is applied.

Turning to non-stationary exponential STAR processes, the results in Table 5 sug-
gest that R, is best performing, followed by R3. The gains from using a two-step
procedure are evident as they range from four to twenty-six percent and they are
higher on average than for ESTAR I(0) processes. Again, Ry and R4 show quite
similar performance but Ry is preferable to R1. Nonetheless, their success rates are
far below those of R; and R3. Our conclusions do not change a lot when interpret-
ing the outcomes for logistic stationary (upper part of Table 6) and non-stationary
(lower part of Table 6) STAR processes. Nonetheless, the differences between si-

multaneous and two-step rules are less pronounced for stationary processes. Fur-
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thermore, the frequency of correct decisions increases with the smoothness param-
eter y in the case of logistic STAR processes because it does not become linear in

limit (y — o0). On the contrary, ESTAR processes become linear in the limit.

A unified two-step procedure

Recall that the two-step procedure based on the Kapetanios et al. (2003) test (R»)
performs relatively poor in the case of linear processes but very good for non-
linear processes. Further note that the two-step procedure using the Harris et al.
(2003) test (R3) shows relatively good performance for linear processes as well.
Hence, it is worthwhile to think of a procedure that takes the best out of both.
One approach we suggest is to pre-test for linearity using the robust Wald statistic
W7 and to proceed with Rj in the case of a rejection and with Rj3 in the case of a
non-rejection. More formally, the unified model selection rule, labeled as R5 in the

following, is defined by

If W]*- > 1_“(4), then Rs = R,

IfW; < x3_,(4), thenRs = R3,

where x3__(4) denotes the (1 — a)% asymptotic critical value for the W statistic.
This unification is somehow in the spirit of the methodology used in Harvey et al.

(2008b) which is based on the comments of Breitung to Harvey et al. (2008a).

Tables 7 and 8 report the results for the model selection rule R5 which clearly show
that the proposed unification works very well. On the one hand, Rs has the satisfy-
ing properties of R3 when the true DGP is linear and on the other hand it shares the
qualities of R; if the non-linearities are present. The gains are obvious in the case
of non-linear (non-)stationary STAR processes when compared to the performance

of Ry, see Tables 4, 5, 6 and 8.
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7 Empirical application

The unified two-step procedure Rs is applied to the US government bond yield,
the one-month interbank rate and the spread between them. Data is taken from
Datastream.? Our sample spans from 1986, February to May, 2008 and consists of
268 monthly observations. Figure 1 depicts the three time series. No clear trend
can be detected in the spread by visual inspection and economic theory does not
suggest that there are deterministic trends in interest rates, too. Therefore, we in-

clude only constants in the test regressions or we use de-meaned data.

As a by-product of this application we test the expectation hypothesis of the term
structure (EHT) that requires the term spread to be stationary. However, the main
aim of this empirical application is to classify the time series as (non-)linear and/or
(non-)stationary. Such classification is of big importance for model building, the

analysis of monetary shocks and for forecasting.

Results are reported in Table 9. As in Harvey and Leybourne (2007), we select
the lag length for the test regressions by using a general-to-specific methodology
at the ten percent level of significance. The maximum lag order is set equal to
four and the minimum equal to two. In a first step, we use the W test statistic in
order to choose the appropriate model selection rule which is R; for all time series,
because Wr is significant in all cases. We conclude that the government bond
yield and the interbank rate are non-stationary. In both cases, the Kapetanios et
al. (2003) test does not reject the unit root hypothesis at the employed ten percent
level of significance. On the contrary, the term spread appears to be stationary
which supports the EHT and hints at cointegration between the government bond

yield and the interbank rate. Although not reported in Table 7, the Harris et al.

2The relevant codes are USGBOND. and BBUSDIM for the government bond yield and the

interbank rate, respectively.
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(2003) test confirms the conclusions drawn by the Kapetanios et al. (2003) test
results, since St equals 2.721 (government bond yield), 1.702 (interbank rate) and
0.360 (term spread). The asymptotic critical value equals 1.282 at the nominal ten
percent level of significance. Hence, the linearity test is carried out using first
differences, see equation (15), in each case. In two cases we have to reject the
null hypothesis of linearity in favor of STAR-type non-linearity. We conclude that
non-linearities are more important for the shorter maturity and that the type of
cointegration between the government bond yield and the interbank rate is in fact

non-linear.

8 Conclusions

This paper deals with a model selection problem that appears when (non-)stationary
and (non-)linear models are considered at once. The first testing-based approach,
which serves as our benchmark in the following, was put forward by Harvey and
Leybourne (2007) who suggested to use two robust test statistics independently.
The applied stationarity test by Harris et al. (2003) is robust with respect to non-
linearity while the linearity test proposed by Harvey and Leybourne (2007) is ro-
bust with respect to the integer degree of integration. Based on the outcomes of
both individual tests, one of the four possible models is selected: linear I (0), linear

I(1), non-linear I(0) or non-linear I(1).

We propose the usage of two-step methods which apply a test for discriminating
between stationary and non-stationary time series in the first step. Depending on
this pre-test decision, the linearity test is carried out in levels or first differences. If
the degree of integration is correctly determined, the linearity tests in the second
stage are more powerful than the robust test in small samples. Therefore, two-step

methods may be more accurate in selecting the true model.
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In a large-scale Monte Carlo study we investigate the empirical performance of
various testing-based model selection rules. The usage of two-step methods lead
to more precise model selection than one-step methods. However, as none of the
considered rules appears to be dominating, we suggest to use a unified procedure
that takes the best out of the two best performing rules. The unified rule is based
on robust pre-testing for linearity and it outperforms the benchmark especially for
non-linear models. In an empirical application to US interest rate data we find
evidence for the expectation hypothesis of the term structure and nonlinearities in

the spread between long- and short-term interest rates.
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Appendix

Table 1: Data generating processes and model selection rules

Type Expression

L-1(0) (1- (;bL)yt =&t

L-1(1)  (1-Ly=e

NL-I(0) (1 —L)yt = 8f(Yr-1,¥)Yt-1 + &t
NL-I(1) (1 —¢L)Ayr = Af(Ayi—1,V)Ayi—1 + &

Rq Simultaneous, Harris et al. (2003) Test & W*
Ry Two-step, Kapetanios et al. (2003) Test & Wy /W,
R3 Two-step, Harris et al. (2003) Test & Wy /Wi
Ry Simultaneous, Kapetanios et al. (2003) Test & W*
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Table 2: Empirical size and power of Kapetanios et al. (2003) and Harris et al. (2003) test

ESTAR-I(1) ESTAR-1(0)
tr St tr St

& A y 10 50 100[10 50 100 |10 50 10010 50 100
00 07 01 1.0 22 48|639 873 922[99.0 997 999 |04 34 80
05 14 35 49 |632 870 922|841 952 978 |04 34 88

09 10 46 62 |634 873 933|906 978 991 |03 44 86

09 01 10 50 91 |637 867 924|946 975 982|04 36 85
05 11 38 72650 892 937|152 369 527 |02 33 80

09 10 42 80 |686 91.0 949|262 550 702 |04 48 103

1.0 -07 01 05 37 80667 8.0 937 |1000 100.0 100.0 |04 3.0 7.0
05 06 39 87632 873 9281000 1000 1000 | 05 41 9.0

09 10 47 88 |634 875 9251000 1000 100.0 | 0.7 46 9.3

09 01 04 38 80646 887 9321000 100.0 100.0 | 0.7 40 82
05 06 44 91 |629 81 928 |1000 100.0 100.0 | 06 41 8.1

09 10 45 92644 870 9271000 1000 1000 | 05 3.5 82

15 -1.0 01 00 04 1.1[876 984 991|906 960 977 |92 276 40.0
05 04 32 722|670 897 948 |1000 100.0 100.0 | 05 3.9 82

09 08 44 92645 876 9251000 1000 1000 | 06 3.6 82

14 01 01 10 32(766 944 968 |1000 1000 1000 | 1.0 61 126
05 07 40 87 |644 874 927 |1000 1000 100.0 | 0.6 3.6 86

09 12 50 96 |657 886 933 |1000 100.0 100.0 | 04 40 9.4

LSTAR-I(1) LSTAR-I(0)

00 07 01 07 40 84|651 885 934 (1000 1000 1000 |02 36 82
05 10 38 65|951 993 996|997 998 999 |07 45 9.0

09 23 53 79,996 999 1000|993 998 999 |05 41 88

09 01 09 52 94690 898 941|999 999 1000 |06 3.8 85
05 1.8 48 73986 999 1000|985 992 996 |04 37 9.1

09 71 114 136|998 100.0 1000 | 842 902 930 |03 30 7.2
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Table 7: Success rates of Rs for linear AR

¢  L-I1(0) L-I(1) NL-I(0) NL-I(1)
0.00 906 45 49 0.0
030 924 26 5.0 0.0
050 920 35 45 0.0
070 920 36 44 0.0
090 867 86 43 0.4
095 701 242 46 1.1
099 218 726 14 42
1.00 112 832 0.9 47
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Table 8: Success rates of R5 for non-linear ESTAR I(0) and I(1)

& Ay L-I(0) L-I(1) NL-I(0) NL-I(1) | L-I(0) L-I(1) NL-I(0) NL-I(1)
00 07 01 600 2.5 37.5 0.0 | 11.0 54.6 0.5 33.9
0.5 358 54 58.3 05190 33.8 0.2 57.0

09 73.0 5.2 21.6 0.2 | 123 65.7 0.0 22.0

09 01 382 4.0 57.8 0.0 | 10.1 37.0 0.5 52.4
0.5 30.6 47.7 19.5 22158 29.0 2.1 63.1

09 80.8 15.0 3.1 1.1 ] 6.7 81.7 0.3 11.3

1.0 -07 01 87 0.4 90.9 0.0 | 43 8.7 0.0 87.0
0.5 230 14 75.6 0.0 | 8.1 22.5 0.1 69.3

09 50.8 2.1 47.1 0.0 | 109 47.0 0.0 421

-09 01 39 0.3 95.8 00 |41 3.3 0.0 92.6
05 85 0.4 91.1 0.0 | 6.0 8.0 0.4 85.6

09 311 1.6 67.3 00179 31.5 0.5 60.1

1.5 -1.0 01 00 29 95.6 15| 04 0.0 0.0 99.6
05 24 0.3 97.3 0.0 | 4.0 24 0.2 93.4

09 271 1.5 714 0.0 92 23.0 0.1 67.7

-14 01 0.0 0.0 100.0 00| 04 0.0 0.1 99.5
05 00 0.0 100.0 00 | 40 0.1 0.2 95.7

09 35 0.3 96.2 0.0 | 5.5 3.7 0.3 90.5

Success rates of Rs for non-linear LSTAR I(0) and I(1)

00 07 01 885 3.2 8.3 0.0 | 10.0 78.8 0.6 10.6
0.5 58 0.2 94.0 0019 6.0 0.2 91.9

09 0.1 0.1 99.6 02118 0.0 0.9 97.3

09 01 809 2.3 16.8 0.0 |94 76.3 0.8 13.5
05 06 0.1 98.8 05132 0.6 0.6 95.6

09 00 0.9 91.8 73| 13 0.0 1.8 96.9
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Table 9: Empirical application to US interest rates

Time Series Wr tr St W% W% Model selection rule Rs
Bond yield 8.695* —2.073 2.721*% — 3.458 Linear-1(1)
Interbank rate  26.231* —-1.621  1.702* — 31.740* Non-linear-I(1)
Spread 27.181* —3.027* 0.360 5.396* — Non-linear-1(0)

o _|

—

m p—

Figure 1: US bond yield (black), interbank rate (red) and spread (blue).
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