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Abstract

In this paper we consider estimation and unit root testing in AR(1) models with infinite
variance innovations. Specifically, we study the asymptotic properties of estimators obtained
by dummying out ”large” innovations, i.e. exceeding a given threshold. These estimators re-
flect the common practice of dealing with large residuals by including impulse dummies in the
estimated regression. Iterative versions of the dummy-variable estimator are also discussed.
We provide conditions on the threshold and on the preliminary parameter estimator which
ensure that (i) the dummy-based estimator is consistent at higher rates than the basic OLS
estimator, and (ii) an asymptotically normal test statistic for the unit root hypothesis can
be derived. Our results are related to those obtained for a class of M-estimators in Knight
(1989) where, however, their existence and computability is not discussed. Also, due to its
non-smoothness, the dummy-variable estimator does not fall within the class of estimators
considered in Knight (1989).

1 The problem

A traditional role of impulse dummy variables in time-series econometrics - to correct for a
small number of observations that are not well described by a maintained model - has been
complemented in recent research by situations where dummy variables are used in number
proportional to the sample size and solely as a means to construct estimators or test statistics
with certain properties (see Hendry and Santos (2006), Santos et al. (2008)). Such features
are also present in this paper: we dummy out the large time-series innovations drawn from a
stable distribution although they perfectly fit the maintained stable model and although they are
numerous. The justification for doing so are the desirable properties of the resulting estimator,
at least in the setup we study.

Knight (1989,1991) proved that in autoregressive (AR) time-series models with a unit root
and infinite-variance α-stable innovations a class of M -estimators has faster consistency rate
than the OLS estimator and induces asymptotically Gaussian inference under the unit root
hypothesis. Knight assumed that the M -estimators in question exist and are sufficiently close
to the true parameter value but discussed no conditions or situations where these assumptions
are actually satisfied.

In the present paper, on the other hand, we focus on a particular M -estimator which is not
covered by Knight’s setup but has the advantage of straightforward computability using dummy
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variables. We analyze it as defined by a particular iterative computational procedure rather
than as a usual M -estimator in order to make sure that our results are practically relevant. We
then compare the obtained asymptotics with those of Knight.

The focus is on the AR(1) process

∆yt = φyt−1 + εt, (1)

where εt are infinite-variance i.i.d. and belong to the domain of attraction of an α-stable distri-
bution. The object of study is the dummy-variable estimator φ̃ of φ defined by

φ̃(φ̂, θ̂) :=

P
yt−1∆yt1{|ε̂t|≤θ̂}P
y2t−11{|ε̂t|≤θ̂}

.

Here φ̂ is a preliminary estimator of φ, ε̂t = ∆yt − φ̂yt−1 (t = 1, ..., T ) are residuals based on
this preliminary estimator and θ̂ is an estimator of some scale parameter θ∗ of the distribution
of ε1. The benchmark in terms of asymptotic properties is φ̂ (0, θ∗) . Under the hypothesis that
φ = 0 and under the assumptions we shall make in the next section it holds that

T 1/2aT φ̃ (0, θ
∗) w→ {V (θ∗)}1/2

pθ∗ (0)

N (0, 1)

(
R
S2)1/2

and
1

ζ̂

³X
y2t−1

´1/2
φ̃ (0, θ∗) w→ N (0, 1) , (2)

where aT is a normalization sequence which depends on the distribution of ε1 and diverges
faster than T 1/2, V (θ∗) := E(ε211{|ε1|≤θ∗}) denotes a truncated second moment of ε1, pθ∗ (0) :=
P {|ε1| ≤ θ∗} is assumed positive, S is an α-stable process on [0, 1] independent of the Gaussian
random variable in the limits and ζ̂ is a consistent estimator of {V (θ∗)}1/2/pθ∗(0). The rate of
convergence and the asymptotic distribution are the same as for the M -estimators studied by
Knight. This conclusion is not surprising since φ̃ (0, θ∗) solves the equation

PT
t=1 yt−1ψ (∆yt − φyt−1) =

0 with ψ = 1[−θ,θ]id, which is similar to the equations studied by Knight, although our ψ does
not satisfy the smoothness conditions that Knight assumes.

With respect to φ̃(φ̂, θ̂), in contrast with φ̃ (0, θ∗), there are two issues to tackle: the fact
that θ is estimated and the fact that {εt} are estimated. The former issue is also discussed by
Knight in the context of his setup. The latter issue is more delicate, and in Knight’s work is
hidden behind the assumption that an estimator with a sufficiency good consistency rate exists.
To clarify ideas, we discuss the two issues (estimation of θ and φ) separately.

Throughout integrals are over the interval [0, 1] and summations are for t running from 1 to
T , unless otherwise specified.

2 Assumptions

The following assumptions are maintained in what follows.
Assumptions.

A. {εt}∞t=1 is an i.i.d. sequence of random variables which have Eε21 = ∞ and belong to the
domain of attraction of a stable distribution with index α ∈ (0, 2) .

B. ε1 has density f with respect to Lebesgue measure and f is a continuous even function.
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C. {yt}∞t=1 satisfies eq. (1) with φ = 0 and y0 = 0.

These assumptions can be traced back either to the robust statistics literature or to the
literature on empirical processes. The latter connection is due to our interest in statistics
defined through residuals.

Assumption A and the symmetry part of Assumption B imply the existence of a process S
in D [0, 1] and a normalizing sequence aT = T 1/αl (T ) , with l (·) standing for a slowly varying
function, such that a−1T

PbT ·c
t=1 εt

w→ S in D [0,∞) as T →∞.
In view of Assumption B it holds that E

¡
ε11{|ε1|≤θ}

¢
= 0 for all θ. With ψ = 1[−1,1]id this

can be written as E {ψ (θε1)} = 0, which is a part of Knight’s assumptions in his analysis of
scale-parameter estimation (with different choices of ψ, however).

The i.i.d. assumption is common in the literature on empirical processes (see, e.g., Lee and
Wei, 1999, and Engler and Nielsen, 2007). In this literature the smoothness assumptions on f
are often more restrictive than just continuity, but in our case the simplicity of the model makes
stronger assumptions unnecessary.

Throughout, together with V (θ∗) := E(ε211{|ε1|≤θ∗}) we use also the following notation re-
lated to the distribution of {εt}:

pθ (x) := E
¡
1{|ε1−x|≤θ}

¢
, mθ (x) := E

¡
ε11{|ε1−x|≤θ}

¢
and F for the cumulative distribution function.

3 Preliminary estimation of a scale parameter

Here we study the behaviour of

φ̃(0, θ̂) =

P
yt−1εt1{|εt|≤θ̂}P
y2t−11{|εt|≤θ̂}

(3)

which obtains for φ̂ = 0, i.e., for the true value, and where θ̂ is an estimator of a scale parameter
(e.g., two times the median of |ε1|). So the true innovations are observable and the goal is to
compare the asymptotics for φ̃, under appropriate conditions on θ̂, with the benchmark case (2).

This is achieved in the next proposition, for the sake of whose formulation we need to state
a fact regarding the numerator of φ̃(0, θ) as a function in θ. For α ∈ (0, 4/3] it holds that, as
T →∞,

ΦT,1(·) := (
X

y2t−1)
−1/2X yt−1εt1{|εt|≤(·)}

w→ B(V (·))

on D[0,∞), where B is a standard Brownian motion independent of S (see Lemma 1(c) in the
Appendix).

Proposition 1 Let Assumptions A-C hold and let a be a constant such that P ({|ε1| ≤ a}) > 0.
Then:

3



a. For α ∈ (4/3, 2), if T 3/2−2/α(θ̂ − θ∗) = OP (1) and θ∗ ≥ a, it holds that as T →∞

T 1/2aT φ̃(0, θ̂)
w→ {V (θ∗)}1/2

pθ∗(0)

N (0, 1)

(
R
S2)1/2

and
1

ζ̂

³X
y2t−1

´1/2
φ̃(0, θ̂)

w→ N (0, 1) ,

where ζ̂ is any consistent estimator of {V (θ∗)}1/2/pθ∗(0) and the Gaussian variable in the limit
is independent of S.

b. For α ∈ (0, 4/3], if (ΦT,1(·), a−1T ybT ·c, θ̂)
w→ (B(V (·)), S(·),Θ) in D2[0,∞) × R, with Θ

possibly random and such that P (Θ ≥ a) = 1, it holds that as T →∞

T 1/2aT φ̃(0, θ̂)
w→ 1

pθ∗(0)

B(V (Θ))

(
R
S2)1/2

.

If additionally B is independent of (S,Θ), then

T 1/2aT φ̃(0, θ̂)
w→ {V (Θ)}1/2

pΘ(0)

N (0, 1)

(
R
S2)1/2

and
1

ζ̂

³X
y2t−1

´1/2
φ̃(0, θ̂)

w→ N (0, 1) ,

where ζ̂ is any consistent estimator of {V (Θ)}1/2/pΘ(0) and the Gaussian variable in the limit
is independent of S.

Some remarks are due.
Remark. The discussion is restricted to θ∗ ≥ a (Θ ≥ a a.s.) in order to ensure that φ̃(0, θ̂)
is well-defined with probability approaching one. If the density f is not identically zero in any
neighbourhood of 0, any positive a works and the requirements of the proposition reduce to
θ∗ > 0 (Θ > 0 a.s.). This is the case if {εt} are α-stable, instead of just being in an α-stable
domain of attraction.

Remark. For α ∈ (0, 4/3], if θ̂ P→ θ∗ = const ≥ a the requirements of part (b) are trivially
satisfied withΘ = θ∗, and the same asymptotics obtain for T 1/2aT φ̃(0, θ̂) as in part (a). However,
note that in part (b) there is no requirement on the convergence rate of θ̂, whereas in part (a)
this requirement is weaker the further away is α from two.

Remark. An example of a possible non-random Θ in part (b) obtains for θ̂ = a−2T
P

ε2t . It
holds that θ̂ w→ [S]1, the quadratic variation of S at 1, and (S, [S]1) is independent of B since S
is independent of B. As [S]1 is a.s. positive, if f is not identically zero in any neighbourhood of
0, the convergences in part (b) hold with Θ = [S]1.

Remark. Two examples of consistent estimators ζ̂ are

ζ̂1 = T
1/2
(
P

ε2t1{|εt|≤θ̂})
1/2P

1{|εt|≤θ̂}
, ζ̂2 = T

−1/2 (
P
y2t )(

P
ε2t1{|εt|≤θ̂})

1/2P
y2t 1{|εt|≤θ̂}

.

Both can be used in parts (a) and (b).

4 Preliminary estimation of φ

Given a preliminary estimator φ̂, consider the procedure of (i) calculating residuals, (ii) intro-
ducing dummies for those of them which exceed a fixed threshold θ and (iii) reestimating φ. The
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procedure could be iterated once or several times. Here we study the properties of the iteration
and, in particular, discuss under what conditions does it conduct to the same asymptotics as in
the previous section: T 1/2aT -consistency rate and Gaussian asymptotic inference under φ = 0.

By introducing

φ̃θ(·) := φ̃ (·, θ) =
P
yt−1εt1{|εt−(·)yt−1|≤θ}P
y2t−11{|εt−(·)yt−1|≤θ}

,

the iteration can be written as φ̂
(0)

= φ̂, φ̂
(i)
:= φ̃θ(φ̂

(i−1)
), i ∈ N. The next proposition

establishes two uniform approximations of φ̃θ. For the statement of the proposition we use the
notation hθ := 2θf (θ) {F (θ)− F (−θ)}−1 for θ > 0.

Proposition 2 Let bT be a positive real sequences. For every fixed A > 0 and θ such that
P {|ε1| ≤ θ} > 0 it holds that:

a. If aT = o(bT ), then

φ̃θ(u) = LT,θ + u{hθ + oP (1)}+
½
oP (T

−1/2a−1T ), if T 1/2aT = O(bT )
oP ({(T−1/2a−1T )(b−1T )}1/2), if bT = o(T 1/2aT )

uniformly for |u| < b−1T A, where as T →∞

T 1/2aTLT,θ
w→ {V (θ)}1/2

pθ (0)

N(0, 1)

(
R
S2)1/2

,

with the Gaussian variable in the limit independent of S.
b. If bT = aT , then

φ̃θ(u) = QT,θ(u) + oP (T
−1/4a−1T )

uniformly for |u| ≤ a−1T A, where as T →∞

aTQT,θ(a
−1
T (·))

w→
R
Smθ ((·)S)R
S2pθ ((·)S)

in D[−A,A]. Furthermore, if f is strictly monotone on (−∞, 0) and (0,∞), then there ex-
ist random variables HT,θ ∈ [0, 1) such that sup|u|≤a−1T A |1{u6=0}u−1QT,θ(u)| ≤ HT,θ and HT,θ
converge weakly as T →∞ to a random variable Hθ < 1 a.s.

The approximation in part (a) is formally similar to the one obtained by Johansen and Nielsen
(2008) for bT = T 1/2 and {εt} with finite fourth moment. It allows us to discuss the sequence of
iterates {φ̂(i)} as the solution of a first order stochastic linear difference equation with a random
but well-behaved autoregressive coefficient. It is useful in the case where the consistency rate of
the preliminary estimator φ̂0 is better than aT . Being non-linear, the approximation in part (b)
is less tractable. We will apply it to the case where the preliminary consistency rate is aT , which
is the bridge towards less satisfactory preliminary estimators, and in view of the difficulties posed
by the non-linearity will only address the special case of unimodal f .
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4.1 The case of a good preliminary estimator

In his discussion of M -estimators Knight (1989,1991) obtains consistency at the rate of T 1/2aT
and Gaussian asymptotic inference only under the assumption that the M -estimator, say φ̌, is
consistent at a rate better than aT , i.e., aT φ̌ = oP (1). In our analysis an analogous situation

occurs in the case where the preliminary estimator φ̂
(0)
is consistent at a rate bT such that

aT/bT → 0 as T → ∞. Proposition 2(a) suggests that in this case the behaviour of the
sequence of iterates depends crucially on the quantity hθ. If hθ < 1, iterations improve upon the
preliminary estimator, leading to the concentration of probability mass around LT,θ/(1 − hθ)
which upon normalization by T 1/2aT is approximately Gaussian for large T . In contrast, for
hθ > 1 the iteration procedure is unstable and deteriorates the properties of the preliminary
estimator. A similar phenomenon occurs if φ̌ is consistent exactly at the rate aT , though in
this case it is not possible to determine the outcome of the iteration by knowing only a one-
dimensional quantity like hθ. Before we make these observations more precise, we comment on
hθ.

Remark. Under Assumption B there exists a θ0 ∈ (0, θ] such that hθ = f (θ) /f
¡
θ0
¢
. If f is

unimodal, then θ0 ∈ (0, θ) and f (θ) > f ¡θ0¢, so hθ < 1 for every θ > 0. This will be the case
if, for instance, {εt} are α-stable, since symmetric α-stable densities are known to be unimodal.
Even if f is plurimodal, for large θ it will necessarily hold that hθ < 1, because hθ → 0 as
θ →∞. So we tend to think of the case hθ < 1 as the rule rather than the exception.
Remark. Nevertheless, distributions satisfying Assumptions A-B and having hθ > 1 for some
θ > 0 do exist. An example, to be used in a Monte Carlo simulation later, could be constructed
as follows. Let f be the density of a symmetric α-stable distribution. Define

f̃ (x) =
3

3 + 2f (0)

©
f (x+ 1)1(−∞,−1) (x) + f (0)x21[−1,1] (x) + f (x− 1)1(1,∞) (x)

ª
. (4)

Then f̃ is a density in the domain of attraction of f and h̃θ = 3 for θ ∈ (0, 1] .
We turn to the case where hθ < 1 and consider two kinds of limits: first, an iterated limit

where T → ∞ after i has gone to infinity, and second, a path-wise limit, where the path of
growth of i is given as a function of T . The latter approach provides results for a wider class of
preliminary estimators.

Proposition 3 Let hθ < 1 and bT be a positive real sequence such that bT φ̂
(0)
= OP (1) and

aT = o(bT ). Let also φ̂
(i)
:= φ̃θ(φ̂

(i−1)
), i ∈ N. Under Assumptions A-C:

a. If T 1/2aT = O(bT ), then lim supi→∞ |φ̂
(i) − (1− hθ)−1LT,θ| = oP (T−1/2a−1T ), so for every

desired numerical precision ε > 0 there exists an I ∈ N such that, as T →∞,

P

µ
T 1/2aT sup

i>I

¯̄̄
φ̂
(i) − (1− hθ)−1LT,θ

¯̄̄
< ε

¶
→ 1,

where LT,θ is as in Proposition 2(a).
b. If ψ(T ) is a natural-valued function such that (hθ + ω){ψ(T )}1/2 = o(T−1/2a−1T ) for some

ω > 0 (for example, ψ(T ) = bT νc , ν > 0), then φ̂
(ψ(T ))

= (1− hθ)−1LT,θ + oP (T−1/2a−1T ) and,
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as T →∞,

T 1/2aT φ̂
(ψ(T )) w→ {V (θ)}1/2

(1− hθ)pθ (0)
N(0, 1)

(
R
S2)1/2

and
1

ζ̂

³X
y2t−1

´1/2
φ̂
(ψ(T )) w→ N (0, 1) , (5)

where ζ̂ is a consistent estimator of {V (θ)}1/2(1 − hθ)−1pθ (0)−1 and the Gaussian variable is
independent of S.

Remark. The conclusion in part (a) is established for preliminary estimators which are at least

T 1/2aT -consistent. The iteration initialized at the true value φ̂
(0)
= 0 is an example. In part (b)

any initial consistency rate better than aT is covered. For instance, the T -rate of consistency of
the OLS estimator (see Chan and Tran, 1989) makes it an admissible φ̂

(0)
in part (b) for any

α ∈ (1, 2). A result similar to Proposition 3(b) holds also for bT = aT , provided that the graph
of f is bell-shaped. The case of Cauchy errors and φ̂

(0)
chosen equal to the OLS estimator is

covered by this result, which is formulated next.

Proposition 4 Let aT φ̂
(0)
= OP (1) and the density f be strictly monotone on (−∞, 0) and

(0,∞). Let also ψ(T ) = bT νc for some ν > 0. Under Assumptions A-C, the convergences (5)
hold.

Remark. Propositions 3 and 4 justify approximate inference based on the iterated estimator and
the quantiles of the Gaussian distribution. However, in Proposition 3(a) the number of iterations
that guarantees a desired proximity to the approximately Gaussian variable T 1/2aT (1−hθ)−1LT,θ
can be chosen independently of T , whereas in Propositions 3(b) and 4 it is a function of T . This
difference is of little relevance from practical point of view.

Remark. Typical numerical criteria would declare φ̂
(i)
to convergence if, given some ε > 0,

they find that T 1/2aT |φ(i) − φ(i+1)| < ε or |φ(i) − φ(i+1)|/|φ(i)| < ε. Under the hypotheses of
Propositions 3 and 4 the iteration will be declared to converge with probability approaching
one, with respect to both criteria. Thus, in Proposition 3(a) there exists a J ∈ N such that, as
T →∞,

P

Ã
sup
i,j>J

|T 1/2aT (φ(i) − φ(j))| < ε

!
→ 1,

whereas in Propositions 3(b) and 4, as can be seen from the proof,

P

Ã
sup

i,j>ψ(T )
|T 1/2aT (φ(i) − φ(j))| < ε

!
→ 1,

and similarly for |φ(i)−φ(j)|/|φ(i)| instead of |T 1/2aT (φ(i)−φ(j))|. Again, the difference is in the
dependence, or not, of the number of iterations on T .

Remark. One could pose the question of choosing θ optimally as a minimizer of {V (θ)}1/2(1−
hθ)

−1pθ (0)−1, if a minimum is achieved. For example, for the Cauchy distribution the optimal
θ is approximately 2.03.

The next result shows how an inappropriate choice of θ can deteriorate the properties of a
good preliminary estimator, even if it is the true value of 0.
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Proposition 5 Let hθ > 1 and bT be a positive real sequence such that bT φ̂
(0)
= OP (1) and

aT = o(bT ). Let also φ̂
(i)
:= φ̃θ(φ̂

(i−1)
), i ∈ N. Under Assumptions A-C:

a. If T 1/2aT = o(bT ), then for every A > 0

P
³
|T 1/2aTφ(i)| < A for all i ∈ N

´
→ 0 as T →∞,

i.e., the sequence {T 1/2aT φ̂(i)}∞i=0 is unbounded.
b. If either (i) bT = o(T 1/2aT ) and bT φ̂

(0)
is bounded away from zero in probability or (ii),

bT = T
1/2aT and T 1/2aT{φ̂(0) − (1− hθ)−1LT,θ} is bounded away from zero in probability, then

for every A > 0

P
³
|bTφ(i)| < A for all i ∈ N

´
→ 0 as T →∞.

5 Some simulations

In Section 4 we concluded that the asymptotics for the iterated dummy-variable estimator (with

fixed θ) have two main determinants: the consistency rate of the preliminary estimator φ̂
(0)
and

the threshold θ beyond which observations are dummied out, the influence of θ being summarized
by the quantity hθ = 2θf (θ) {F (θ)−F (−θ)}−1. Here we illustrate the importance of these two
determinants numerically.

For each of the data generation processes we use, samples of size T ∈ {100 beτc : τ =
0, ..., 4} = {100, 271, 738, 2008, 5459} are considered, and for each sample size 10 000 replications
are performed. The exponential determination of the sample size is related to our interest in
evaluating the convergence rate, expressed as a power of T , of the iterated estimator. The
iteration is repeated until |φ(i) − φ(i+1)|/|φ(i)| < 10−6 is achieved.

The importance of the preliminary estimator. Data are generated according to eq.
(1) with φ = 0 and two different error distributions, both symmetric α-stable, with α equal to
1/2 and 3/2. The targeted convergence rates of T 1/2aT = T 1/2+1/α are respectively T 5/2 and
T 7/6 (l(·) can be taken constant for both error distributions). For both error distributions it
holds that hθ < 1 for all θ > 0, so by Proposition 3 these rates should be achieved for φ̂

(0)
= 0

independently of the choice of θ. On the other hand, if φ̂
(0)
is equal to the OLS estimator, the

conditions of Proposition 3 are met for α = 3/2 but not for α = 1/2 and we expect the rate
of T 1/2+1/α to be achieved only for α = 3/2. For both error distributions we use θ = 3 in the
iteration.

In Figure 1 we plot the simulated mean absolute error (MAE) of the iterated dummy-variables
estimator against the sample size, with a logarithmic scale on both axes. Results for α = 3/2
are in the right panel. It is seen that the MAE is essentially the same no matter whether the
iteration is started at 0 or at the OLS estimator. Actually, from the proof of Proposition 3 it
follows that in this case the iterated estimators corresponding to the two different preliminary
estimators are asymptotically equivalent, which explains why the two lines in the right panel
almost coincide. Their estimated slopes are −1.18 (zero initial value) and −1.19 (OLS initial
value), which is quite close to −7/6 ≈ −1.17.
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In contrast, for α = 1/2 the outcome of the iteration exhibits clear sensitivity to the initial
value. The line corresponding to the ”good” initial value of 0 has estimated slope of −2.52 in
agreement with the theoretical prediction, whereas the line corresponding to the OLS initial
value has an estimated slope of −1.21 (−1 is in the 95% confidence interval, −2.5 is not) and
the two iterated estimators are clearly not asymptotically equivalent, as the MAE for the OLS
initial value is between 2 500 and 420 000 times larger than that for φ̂

(0)
.

alpha = 0.5, theta = 3
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Figure 1. Sensitivity of the iterated dummy-variables estimator to the consistency rate of the prelim-

inary estimator.

The importance of hθ. Data are again generated according to eq. (1) with φ = 0 but now
with Cauchy errors (α = 1) and with errors whose density is given by formula (4), where the
standard Cauchy density is plugged in for f . The targeted consistency rate is T 1+1/α = T 3/2 (l(·)
can be taken constant for both error distributions). Simulations are performed with θ ∈ {1, 3}.
We have hθ < 1 for both values of θ for the Cauchy density and h3 < 1 for the bimodal
density. By Proposition 3, if the dummy-variables iteration is initialized at φ̂

(0)
= 0, the targeted

consistency rate should be achieved for these choices of θ and of the error distribution. On the
other hand, for the bimodal density it holds that h1 > 1 and, according to Proposition 5, the
targeted convergence rates cannot be achieved even if the iteration is started at the true value
of 0.

Simulations seem to agree with theory. In the right panel of Figure 2 the outcomes for the
Cauchy case are plotted (like earlier, against log scales) and the estimated slopes of the lines are
−1.43 and −1.49, respectively for θ = 1 and θ = 3. For the bimodal density (see the left panel)
the estimated slope for θ = 3 is −1.48. whereas for θ = 1 the line is noticeably flatter and has
an estimated slope of −0.92.
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Bimodal density
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Figure 2. Sensitivity of the iterated dummy-variables estimator to the position of hθ relative to 1.

6 Appendix

6.1 Preliminary estimation of a scale parameter

Let ΦT (θ) := pθ(0)φ̃ (0, θ) for θ > 0 and let it be factored into ΦT (θ) = ΦT,1 (θ)ΦT,2 (θ), where

ΦT,1 (θ) :=

P
yt−1εt1{|εt|≤θ}¡P

y2t−1
¢1/2 , ΦT,2 (θ) :=

pθ (0)
¡P

y2t−1
¢1/2P

y2t−11{|εt|≤θ}
.

Decompose further the denominator of ΦT,2 (θ) into pθ (0)
P
y2t−1 + ΦT,3(θ), with ΦT,3(θ) :=P

y2t−1(1{|εt|≤θ} − pθ (0)). We establish next some asymptotic properties of ΦT,1 and ΦT,3 as
processes in θ. By weak convergence of a functional sequence XT (·) in D[−A,A] we mean the
weak convergence of XT (·−A) in D[0, 2A].

Lemma 1 Under Assumptions A-C, as T →∞ it holds that:
a. The finite-dimensional distributions (fidis) of ΦT,1(·) converge to those of B(V (·)).
b. For α ∈ (4/3, 2) and ω ≥ 3/2 − 2/α, ΦT,1(θ∗ + T−ω(·)) w→ B(V (θ∗)) in D[−A,A] for

every A, θ∗ > 0.
c. For α ∈ (0, 4/3], ΦT,1(·) w→ B(V (·)) in D[0,∞).
d. T−3/4a−2T sup0≤θ≤A |ΦT,3(θ)| = OP (1) for every A > 0.

Proof. For notational ease, we discuss the bivariate fidis of ΦT,1, the generalization being
straightforward. For θ1 < θ2, εt1{|εt|≤θ1} and εt1{θ1<|εt|≤θ2} are uncorrelated under the assump-
tion that the distribution of εt is symmetric. Thus, using also the absolute continuity of the
distribution of {εt}, it is seen that

(BT,1(·), BT,2(·)) := T−1/2
bT (·)cX
t=1

εt

µ
1{|εt|≤θ1}
{V (θ1)}1/2

,
1{θ1<|εt|≤θ2}

{V (θ2)− V (θ1)}1/2
¶

w→ (B1(·), B2(·)),

where B1 and B2 are independent standard Brownian motions. Furthermore, B1 and B2 are
independent of the weak limit S of a−1T ybT (·)c (Resnick and Greenwood, 1979). Therefore,³
{V (θ1)}1/2BT,1, {V (θ2)− V (θ1)}1/2BT,2, a−1T ybT (·)c

´
w→
³p

V (θ1)B1, {V (θ2)− V (θ1)}1/2B2, S
´

10



on D3 [0,∞). From the CMT and Lemma 1 of Knight (1989) it follows that

(ΦT,1(θ1),ΦT,1(θ2)− ΦT,1 (θ1)) w→
µZ

S2
¶−1/2µ

{V (θ1)}1/2
Z
SdB1, {V (θ2)− V (θ1)}1/2

Z
SdB2

¶
d
= (B (V (θ1)) , B (V (θ2))−B (V (θ1)))

with B independent of S, the distributional equality by the independence of B1, B2 and S.
Hence, (ΦT,1(θ1),ΦT,1(θ2))

w→ (B (V (θ1)) , B (V (θ2))).
In view of part (a), to prove (b) and (c) we establish below the tightness of ΦT,1(θ∗+T−ω(·))

in D[−A,A] (for ω ≥ 3/2−2/α and α ∈ (4/3, 2)) and in D[0, A] (for ω = 0 and α ∈ (0, 4/3]), for
everyA > 0. Then part (b) follows from tightness and the facts that (i) ΦT,1(θ∗)

w→ B(V (θ∗)) and
(ii) ΦT,1(θ∗+T−ωθ)−ΦT,1(θ∗) = |V (θ∗+T−ωθ)−V (θ∗)|1/2νT (θ), where V (θ∗+T−ωθ)−V (θ∗) =
o(1) and νT (θ) converges in distribution to a stochastic integral, for every θ > 0. Part (c) obtains
by setting θ∗ = 0, ω = 0.

As a−2T T
−1P y2t−1

w→ R
S2 by the CMT, it suffices to show that a−1T T

−1/2P yt−1εt1{|εt|≤θ∗+T−ω(·)}
is tight. For a fixed A > 0, define

y<t :=
X

εt1{|εt|≤θ∗+A} and y
>
t :=

X
εt1{|εt|>θ∗+A}.

Using a truncation trick from Knight (1989), for an arbitrary M > 0 decompose

a−1T T
−1/2X yt−1εt1{|εt|≤θ∗+T−ω(·)} = Φ

<
T,1 (·) + Φ><T,1 (·) + Φ>>T,1 (·) ,

with

Φ<T,1 (·) : = a−1T T
−1/2X y<t−1εt1{|εt|≤θ∗+T−ω(·)},

Φ><T,1 (·) : = a−1T T
−1/2X y>t−1εt1{|a−1T y>t−1|≤M}1{|εt|≤θ∗+T−ω(·)},

Φ>>T,1 (·) : = a−1T T
−1/2X y>t−1εt1{|a−1T y>t−1|>M}1{|εt|≤θ∗+T−ω(·)}.

Since P (supK |Φ>>T,1 (·) | > 0) ≤ P
¡
maxt≤T |a−1T yt−1| > M

¢
for K ∈ {[−A,A], [0, A]}, can be

made arbitrarily small by choosing a sufficiently largeM (as maxt≤T
¯̄
a−1T yt−1

¯̄
converges weakly

to an a.s. finite random variable), it is enough to show tightness of Φ<T,1 and Φ
><
T,1 (·) for a fixed

M . We start from the former.
Let θ1 < θm < θ2 ∈ [−A,A] or [0, A]. Then

E

∙³
Φ<T,1 (θ2)−Φ<T,1(θm)

´2 ³
Φ<T,1 (θm)− Φ<T,1(θ1)

´2¸
= a−4T T

−2
TX

t1,t2,t3,t4=1

E<t1t2t3t4 ,

with E<t1t2t3t4 := E[1
(1)
t1 1

(1)
t2 1

(2)
t3 1

(2)
t4

Q4
i=1 y

<
ti−1εti ], 1

(1)
t := 1{θ∗+T−ωθ1<|εt|≤θ∗+T−ωθm} and 1

(2)
t :=

1{θ∗+T−ωθm<|εt|≤θ∗+T−ωθ2}.
If the largest two among ti (i = 1, ..., 4) are distinct (and, say, t4 = maxi=1,...,4 ti), from

the serial independence of {εt} it follows that E<t1t2t3t4 equals the product of E[1
(2)
t4
εt4 ] and the

expectation of the remaining factors. As the distribution of 1(2)t4 εt4 is symmetric about zero, it
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holds that E[1(2)t4 εt4 ] = 0 and E
<
t1t2t3t4

= 0. So there are at most T 3 possibly non-zero E<t1t2t3t4 ’s,
each of them satisfying, in view of the Cauchy-Schwartz inequality,

|E<t1t2t3t4 | ≤ [E{(y<T )2}]2{V (θ∗ + T−ωθ2)− V (θ∗ + T−ωθm)}{V (θ∗ + T−ωθ1)− V (θ∗ + T−ωθm)}
≤ T 2(θ∗ +A)24−1{V (θ∗ + T−ωθ2)− V (θ∗ + T−ωθ1)}2
≤ T 2−2ωC (θ2 − θ1)

2 ,

the last line from the Mean Value Theorem, with C = 4(θ∗+A)4 kfk2∞, kfk∞ := supR |f | <∞.
This gives

E

∙³
Φ<T,1 (θ2)− Φ<T,1(θm)

´2 ³
Φ<T,1 (θm)−Φ<T,1(θ1)

´2¸ ≤ a−4T T 3−2ωC(θ2 − θ1)
2,

and since a−4T T
3−2ω = OP (1) for the considered ω and α, by Theorem 15.6 of Billingsley (1968)

Φ<T,1 (·) is tight.
Similarly,

E>θ1,θ2,θm := E

∙³
Φ><T,1 (θ2)− Φ><T,1 (θm)

´2 ³
Φ><T,1 (θm)− Φ><T,1 (θ1)

´2¸
= a−4T T

−2
TX

t1,t2,t3,t4=1

E>t1t2t3t4 ,

where E>t1t2t3t4 := E[1
(1)
t1
1
(1)
t2
1
(2)
t3
1
(2)
t4

Q4
i=1 1{|a−1T y>ti−1|≤M}

y<ti−1εti ]. As before, E
>
t1t2t3t4

= 0 if the

two largest ti are distinct. The same holds if at least one among t1 and t2 equals at least one
among t3 and t4, since then 1

(1)
t1
1
(1)
t2
1
(2)
t3
1
(2)
t4
= 0.

Further, if t1 = t2 > t3, t4 and t3 6= t4, again E>t1t2t3t4 = 0. Indeed, conditionally on

1
(2)
t3 1

(2)
t4 = 0 the expectation is trivially zero, whereas conditionally on 1(2)t3 1

(2)
t4 = 1 it holds, by

the definition of y>t and by the serial independence of {εt}, that
Q4
i=1 1{|a−1T y>ti−1|≤M}

y<ti−1 is

independent of 1(2)t3 1
(2)
t4 εt3εt4 , yielding

E>t1t2t3t4 = E
h
1
(2)
t3 1

(2)
t4 εt3εt4

¯̄̄
1
(2)
t3 1

(2)
t4 = 1

i
E

"
4Y
i=1

1{|a−1T y>ti−1|≤M}
y<ti−1

¯̄̄
1
(2)
t3 1

(2)
t4 = 1

#
E
h
1
(2)
t3 1

(2)
t4

i
,

which is zero since E[1(2)t3 1
(2)
t4
εt3εt4 |1(2)t3 1

(2)
t4
= 1] = 0.

For the same reason, if t3 = t4 > t1, t2 and t1 6= t2, again E>t1t2t3t4 = 0. It remains that

E>θ1,θ2,θm = a−4T T
−2

TX
t1,t3=1
t1 6=t3

E>t1t1t3t3

≤ M4{V (θ∗ + T−ωθ2)− V (θ∗ + T−ωθm)}{V (θ∗ + T−ωθ1)− V (θ∗ + T−ωθm)}
≤ T−2ωC (θ2 − θ1)

2

with C = 4M4(θ∗ +A)2 kfk2∞. As ω ≥ 0, also Φ><T,1 (·) is tight, and so is ΦT,1 (·).

12



As ΦT,3(0) = 0 and T−1/2a−2T ΦT,3(θ
∗) converges weakly to a stochastic integral, part (d) will

follow if we show that T−1/2a−2T ΦT,3(·) is tight in D [0, A]. Introducing

Φ<T,3(θ) :=
X

y2t−11{|a−1T yt−1|≤M}(1{|εt|≤θ} − pθ (0)),

like earlier it suffices to show the tightness of T−3/4aTΦ<T,3(·) for every fixed M > 0.
For θ1 < θm < θ2 we find

Fθ1,θ2,θm := E

∙³
Φ<T,3 (θ2)− Φ<T,1(θm)

´2 ³
Φ<T,1 (θm)− Φ<T,1(θ1)

´2¸
= a−8T T

−3
TX

t1,t2,t3,t4=1

Ft1t2t3t4

with Ft1t2t3t4 = E
Q4
i=1[y

2
ti−11{|a−1T yti−1|≤M}∆

(i)
ti
], ∆(1)t := ∆

(2)
t := 1{|εt|≤θ2} − 1{|εti |≤θm} and

∆
(3)
t := ∆

(4)
t := 1{|εt|≤θ2} − 1{|εti |≤θm}. Whenever ti (i = 1, ..., 4) are distinct, Ft1t2t3t4 =

0 by the independence and the symmetry of {εt}. For the remaining T 3 cases we use the
evaluation Ft1t2t3t4 ≤ M8a8TV ar(∆

(1)
1 )V ar(∆

(2)
2 ) implied by the Cauchy-Schwartz inequality

and the independence of {εt}. With V ar(∆(1)1 ) ≤ pθ2(0) − pθm(0) by a direct calculation, and
similarly for V ar(∆(2)1 ), we find

Ft1t2t3t4 ≤M8a8T4
−1{pθ2(0)− pθ1(0)}2 ≤ a8TC(θ2 − θ1)

2

with C =M8 kfk2∞, and further, Fθ1,θ2,θm ≤ C(θ2−θ1)2, from where the tightness of T−3/4a−2T Φ<T,3(·)
follows. ¥
Proof of Proposition 1. As pa(0) > 0 and p(·)(0) is continuous under Assumption B,
there exists an ² ∈ (0, a) such that pa−²(0) > 0. Further, (i) ςT := T 1/2aT (

P
y2t−1)−1/2

w→
(
R
S2)−1/2 > 0 a.s. by the CMT (for a.s. positivity, see Chan and Tran, 1989, p.359) and (ii)

for every A > a− ² it holds with probability approaching one that

T 1/2aT sup
a−²≤θ≤A

¯̄̄
(
X

y2t−1)
−1/2 − ΦT,1 (θ)

¯̄̄
≤ ς−1T supa−²≤θ≤A

¯̄
T−1a−2T ΦT,3 (θ)

¯̄
pa−² (0) ς2T − supa−²≤θ≤A

¯̄
T−1a−2T ΦT,3 (θ)

¯̄ = oP (1)
because pa−² (0) > 0 and T−1a−2T supa−²≤θ≤A |ΦT,3 (θ)| = oP (1); see Lemma 1(d). Therefore, it
holds that T 1/2aTΦT,2 (θ∗ + T−ω(·)) w→ (

R
S2)−1/2 in D[−A,A] for ω ≥ 0, and T 1/2aTΦT,2 (·) w→

(
R
S2)−1/2 in D [a− ²,∞)1. Combined with Lemma 1(b,c) these give, in view of the continuity

of p(·)(0),

T 1/2aT φ̃(0, θ∗ + T−ω(·)) w→ {V (θ∗)}1/2
pθ∗(0)

B(θ∗)
(
R
S2)1/2

and T 1/2aT φ̃(0, ·) w→ {V (·)}1/2
p(·)(0)

B(·)
(
R
S2)1/2

respectively in D[−A,A] for α ∈ (4/3, 2) and ω ≥ 3/2−2/α, and in D [a− ²,∞) for α ∈ (0, 4/3].
The conclusions of the proposition are straightforward from here, in part (b) using the continuity
of B. ¥

1Understood as T 1/2aTΦT,2 (·+ a− ²) w→ (
R
S2)−1/2 in D [0,∞) .

13



6.2 The approximations of φ̃

Introduce

r2(u) =
X

yt−1
£
εt1{|εt−uyt−1|≤θ} −mθ(uyt−1)

¤
, r4(u) =

X
yt−1mθ(uyt−1),

r1(u) = 1{u6=0}
1

u

hX
yt−1mθ(uyt−1)− uhθ

X
y2t−1pθ(uyt−1)

i
,

r5(u) =
X

y2t−1
£
1{|εt−uyt−1|≤θ} − pθ(uyt−1)

¤
, r3(u) =

X
y2t−1pθ(uyt−1),

suppressing the dependence on θ. Then

φ̃θ (u) = LT,θ + u(hθ + rT,θ (u)) + eT,θ(u), (6)

where LT,θ := r2(0)/r3(0), rT,θ (u) := r1(u)/{r3(u) + r5(u)} and

eT,θ(u) :=
r2(u)− r2(0)− LT,θ [r3(u)− r3(0) + r5(u)]− uhθr5(u)

r3(u) + r5(u)
; (7)

also

φ̃θ (u) = QT,θ(u) +
r2 (u)

r3(u) + r5(u)
− r4(u)
r3(u)

r5(u)

r3(u) + r5(u)
, (8)

where QT,θ(u) := r4(u)/r3(u).
To prove Proposition 2, we study the stochastic magnitude orders of ri (u) .

Lemma 2 Let {bT} be a positive real sequence. Under Assumptions A-C it holds that:
a. sup|u|≤A

¯̄
r1(b

−1
T u)

¯̄
= oP (Ta

2
T ) and sup|u|≤A

¯̄
r3(b

−1
T u)− r3(0)

¯̄
= oP (Ta

2
T ) if aT = o(bT ).

b. sup|u|≤A
¯̄
r5(b

−1
T u)

¯̄
= oP (T

3/4a
5/2
T b

−1/2
T ) if aT = O(bT ) and bT = o(T 1/2aT ), whereas

sup|u|≤A
¯̄
r5(b

−1
T u)

¯̄
= OP (T

1/2a2T ) if T
1/2aT = O(bT ).

c. sup|u|≤A
¯̄
r2(b

−1
T u)− r2(0)

¯̄
= oP (T

3/4a
3/2
T b

−1/2
T ) if aT = O(bT ).

Proof. First, as mθ(0) = 0 by the symmetry of εt, from the Mean Value Theorem

r1(u) = 1{u6=0}
X

y2t−1{m0
θ(uwt−1yt−1)− hθpθ(uyt−1)},

where wt ∈ [0, 1]. Hence,

sup
|u|≤A

¯̄
r1(b

−1
T u)

¯̄ ≤ sup
|u|≤b−1T A

max
t≤T

¯̄
m0

θ(uwt−1yt−1)− hθpθ(uyt−1)
¯̄X

y2t−1. (9)

For a given ² ∈ (0, 1), let M² be such that P (maxt≤T |a−1T yt−1| ≤ M²) > 1− ² (M² exists since
maxt≤T |a−1T yt−1|

w→ maxs∈[0,1] |S (s)|). For outcomes such that maxt≤T |a−1T yt−1| ≤M², it holds
that

sup
|u|≤b−1T A

max
t≤T

¯̄
m0θ(uwt−1yt−1)− hθpθ(uyt−1)

¯̄
≤ sup

|u|≤aT b−1T AM²

¯̄
m0

θ (u)−m0
θ (0)

¯̄
+ hθ sup

|u|≤aT b−1T AM²

|pθ(u)− pθ(0)|→ 0,
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the inequality since m0
θ (0) = hθpθ(0) and the convergence since (i) m0

θ and pθ are continuous
at 0 under Assumption B and (ii) aT = o(bT ). By the arbitrariness of ² and using (9), whereP
y2t−1 = OP (Ta2T ), the first relation in part (a) obtains.
For the second relation in (a), again by the Mean Value Theorem,

|r3(u)− r3(0)| ≤ |u|
X

|y3t−1p0θ(uzt−1yt−1)| ≤ |u| kfk∞
X

|y3t−1|,

where zt ∈ [0, 1]. Since T−1a−3T
P |y3t−1| w→

R |S|3, the asserted relation follows.
To prove part (b), define ιt(u) := 1{|εt−uyt−1|≤θ} − pθ(uyt−1) and, for M > 0, also

rM5 (u) :=
X

y2t−11{|a−1T yt−1|≤M}ιt(u).

Then, for any M, ηT > 0,

P

Ã
sup
|u|≤A

¯̄
r5(b

−1
T u)

¯̄
> ηT

!
≤ P

Ã
sup
|u|≤A

¯̄
rM5 (b

−1
T u)

¯̄
> ηT

!
+ P

µ
max
t≤T

|a−1T yt| > M
¶
. (10)

As maxt≤T
¯̄
a−1T yt

¯̄
converges weakly to an a.s. finite random variable, M can be chosen large

enough for P (maxt≤T
¯̄
a−1T yt

¯̄
> M) to be as small as desired. So the sought relations for

r5(b
−1
T (·)) will follow once we show that they hold for rM5 (b−1T (·)). To this aim we check below,

first, that for cT := T 3/4(a5T b
−1
T )

1/2 and for every fixed u, T 1/4c−1T {rM5 (b−1T u)− rM5 (0)} = OP (1),
and hence, c−1T {rM5 (b−1T u) − rM5 (0)} = oP (1). Second, we check that c−1T {rM5 (b−1T (·)) − rM5 (0)}
is tight. The two facts jointly imply that c−1T sup|u|≤A{rM5 (b−1T (·))− rM5 (0)} = oP (1). The proof
is completed by noting that T−1/2a−1T r

M
5 (0) = OP (1) since it converges weakly to an a.s. finite

random variable (see Lemma 1 of Knight (1989)).
Let Ft := σ (y0, ..., yt), and for u1, u2 ∈ R, let ∆pθ(u2, u1) := pθ(u2yt−1) − pθ(u1yt−1).

Conditionally on Ft−1, the r.v. ιt (u2) − ιt (u1) with probability one takes one value among
∆pθ(u2, u1), 1+∆pθ(u2, u1) and 1−∆pθ(u2, u1), so we find (considering for concreteness u2yt−1 ≥
u1yt−1) that

E
£{ιt (u2)− ιt (u1)}2|Ft−1

¤
≤ {∆pθ(u2, u1)}2 + {1 +∆pθ(u2, u1)}2{F (θ + u2yt−1)− F (θ + u1yt−1)}

+{1−∆pθ(u2, u1)}2{F (−θ + u2yt−1)− F (−θ + u1yt−1)}
≤ ∆pθ(u2, u1) + 2{F (θ + u2yt−1)− F (θ + u1yt−1) + F (−θ + u2yt−1)− F (−θ + u1yt−1)},

the last inequality since |∆pθ(u2, u1)| ≤ 1. By applying the Mean Value Theorem,

E
£{ιt (u2)− ιt (u1)}2|Ft−1

¤ ≤ 6 kfk∞ (u2 − u1) yt−1 = 6 kfk∞ |u2 − u1||yt−1|. (11)

Now the fact that T 1/4c−1T {rM5 (b−1T u)−rM5 (0)} = OP (1) follows from Chebyshev’s inequality:
E{rM5 (b−1T u)− rM5 (0)} = 0 because E{ιt

¡
b−1T u

¢− ιt (0) |Ft−1} = 0 (t = 1, ..., T ), whereas

E{rM5 (b−1T u)− rM5 (0)}2 = E
X³

y4t−11{|a−1T yt−1|≤M}E
£{ιt ¡b−1T u¢− ιt (0)}2|Ft−1

¤´
≤ Ta5T b

−1
T M

56 kfk∞ |u| = T−1/2cTM56 kfk∞ |u|,
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the first equality because E[ιmax(t,s)
¡
b−1T u

¢ |Fmax(t,s)−1] = 0 and the inequality from (11).
We turn to tightness and wish to apply a criterion in D [−A,A]. This is not directly possible,

given that the sample paths of rM5 (b
−1
T (·)) are not càdlàg due to the terms 1{|εt−(·)yt−1|≤θ}, which

are not càdlàg. If we substitute them by

1{|εt−(·)yt−1|Cθ} := 1{−θ<εt−(·)yt−1≤θ}1{yt−1>0}
+ 1{−θ≤εt−(·)yt−1<θ}1{yt−1<0} + 1{|εt|≤θ}1{yt−1=0},

a càdlàg modified process, say r̃M5 (b
−1
T (·)), will obtain. The set of points at which the sample

paths of rM5 (b
−1
T (·)) and r̃M5 (b−1T (·)) differ is {(θ − εt)/yt−1 : yt−1 > 0; t = 1, ..., T} ∪ {−(θ +

εt)/yt−1 : yt−1 < 0; t = 1, ..., T}. Since the distribution of εt is absolutely continuous, with
probability one at each of these points only one indicator is affected, so

sup
|u|≤A

|rM5 (b−1T (·))− r̃M5 (b−1T (·))| ≤ maxt≤T
y2t = OP (a

2
T ) = oP (cT ).

It is therefore enough to establish the tightness of c−1T {r̃M5 (b−1T (·))− r̃M5 (0)}. Since we argue in
terms of expectations, which are unaffected by the change from 1{|εt−(·)yt−1|≤θ} to 1{|εt−(·)yt−1|Cθ},
we continue writing in terms of rM5 (b

−1
T (·)).

For a fixed M and u2 > um > u1 ≥ 0,

Gu2,u1,um := E
¡{rM5 (b−1T u2)− rM5 (b−1T um)}2{rM5 (b−1T um)− rM5 (b−1T u1)}2¢ = X

t1,t2,t3,t4

Gt1,t2,t3,t4

with Gt1,t2,t3,t4 := E
Q4
i=1[y

2
ti−11{|a−1T yti−1|≤M}∆

(i)
ti
], ∆(1)t := ∆

(2)
t := ιt(b

−1
T u2) − ιt(b

−1
T um) and

∆
(3)
t := ∆

(4)
t := ιt(b

−1
T um) − ιt(b

−1
T u1). If all ti (i = 1, ..., 4) are distinct, Gt1,t2,t3,t4 = 0 by the

independence of {εt} and since E∆(i)t = 0 (i = 1, ..., 4). There remain at most T 3 non-zero
Gt1,t2,t3,t4 , each of which can be evaluated, using the Cauchy-Schwartz inequality and (11), as

Gt1,t2,t3,t4 ≤ a8TM
8
4Y
i=1

³
E[1{|a−1T yti−1|≤M}{E(∆

(i)
ti
)2|Fti−1}]

´1/2
≤ (a10T b

−2
T )36M

10 kfk2∞ |u2 − um||u1 − um| ≤ (a10T b−2T )9M10 kfk2∞ (u2 − u1)2 ;

hence

Gu2,u1,um ≤ (T 3a10T b−2T )9M10 kfk2∞ (u2 − u1)2 . (12)

Since c−1T {rM5 (b−1T u) − rM5 (0)} = oP (1) for fixed u, from (12) and Theorem 15.6 of Billingsley
(1968) it follows that c−1T sup|u|≤A |rM5 (b−1T u)−rM5 (0)| = oP (1). In view of the previous argument
about rM5 (0) this proves part (b).

For part (c), we first derive an inequality analogous to (12), with υt(u) := εt1{|εt−uyt−1|≤θ}−
mθ(uyt−1) instead of ιt (u). Now, for |u1| , |u2| ≤ A,

E
£{υt (u2)− υt (u1)}2|Ft−1

¤ ≤ {mθ (u1yt−1)−mθ (u2yt−1)}2
+3(θ+A|yt−1|)2 {|F (−θ + u2yt−1)− F (−θ + u1yt−1) |+ |F (θ + u2yt−1)− F (θ + u1yt−1) |} ,
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where the first term after the inequality sign corresponds to integration over values of εt such
that 1{|εt−u1yt−1|≤θ} = 1{|εt−u2yt−1|≤θ}, and the second term — over the remaining values of εt.
As |m0

θ (x)| ≤ 2 kfk∞ (θ + |x|), from the Mean Value Theorem

E
£{υt (u2)− υt (u1)}2|Ft−1

¤ ≤ (θ +A|yt−1|)2{4 kfk2∞ (u2 − u1)2y2t−1 + 6 kfk∞ |u2 − u1||yt−1|},
so, with C = {θ +AM supT (aT b

−1
T )}2{8 kfk2∞M2A supT (aT b

−1
T ) + 6 kfk∞M}, it holds that

E
h
1{|a−1T yt−1|≤M}{υt(b−1T u2)− υt(b

−1
T u1)}2|Ft−1

i
≤ CaT b−1T |u2 − u1| . (13)

Introducing

rM2 (u) =
X

yt−11{|a−1T yt−1|≤M}υt (u) ,

by an argument like for the process rM5 (·) it follows from (13) and the independence of {εt} that

E
¡{rM2 (b−1T u2)− rM2 (b−1T um)}2{rM2 (b−1T um)− rM2 (b−1T u1)}2¢ ≤ (T 3a6T b−2T )M4C2(u2 − u1)2.

By Theorem 15.6 of Billingsley (1968), T−3/4(a−3T bT )
1/2{rM2 (b−1T (·))−rM2 (0)} is tight inD [−A,A]

for every fixed M (more precisely, the process can be modified like rM5 (b
−1
T (·)) earlier so that

a tight cadlag sequence obtains). Since T−3/4(a−3T bT )
1/2{rM2 (b−1T u)− rM2 (0)} = oP (1) for every

fixed u (as E{rM2 (b−1T u)− rM2 (0)} = 0, E{rM2 (b−1T u)− rM2 (0)}2 ≤ Ta3T b−1T M2C|u| using (13)), by
tightness the convergence is uniform on [−A,A], as asserted in part (b). ¥
Proof of Proposition 2. Let sup and inf be taken over |u| ≤ b−1T A.

For part (a), consider eq. (6) and the related definitions. The convergence of T 1/2aTLT,θ
follows from its representation as

T 1/2aTLT,θ = ΦT,1(θ)
(T−1a−2T

P
y2t−1)1/2

T−1a−2T r3(0)
,

where ΦT,1(θ)
w→ B(V (θ)) by Lemma 2(a), T−1a−2T

P
y2t−1

w→ R
S2 and T−1a−2T r3(0)

w→ pθ (0)
R
S2

by the CMT, and the convergences are joint by the independence of B and S.
To evaluate rT,θ(u), note that T−1a−2T (inf |r3(u)|−sup |r5(u)|) is bounded away from (−∞, 0]

in probability because

T−1a−2T inf |r3(u)| ≥
¯̄|T−1a−2T r3(0)|− T−1a−2T sup |r3 (u)− r3 (0)|

¯̄ w→ pθ (0)

Z
S2

by the CMT and Lemma 2(a), with pθ (0) > 0 for θ ≥ a and
R
S2 > 0 a.s., whereas T−1a−2T sup |r5(u)| =

oP (1) by Lemma 2(b). Hence, sup |rT,θ(θ)| ≤ sup |r1(u)| /{inf |r3(u)|− sup |r5(u)|} with proba-
bility approaching one, and using also Lemma 2(a), it obtains that sup |rT,θ(u)| = oP (1).

Finally, from eq. (7) it is seen that does not exceed

sup |eT,θ(u)| ≤ sup |r2(u)− r2(0)|+ |LT,θ| {sup |r3(u)− r3(0)|+ sup |r5(u)|}+ |u| sup |r5(u)|
inf |r3(u)|− sup |r5(u)| ,
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where the term LT,θ and the denominator were discussed above. Using Lemma 2, in the case
T 1/2aT = O(bT ) the upper bound is seen to beh
oP (T

3/4a
3/2
T b

−1/2
T ) +OP (T

−1/2a−1T ){oP (Ta2T ) +OP (T 1/2a2T )}+O(b−1T )OP (T 1/2a2T )
i
OP (T

−1a−2T )

for |u| ≤ b−1T A and reduces to oP (T−1/2a−1T ), whereas in the case where aT = o(bT ) and bT =
o(T 1/2aT ) it ish
oP (T

3/4a
3/2
T b

−1/2
T ) +OP (T

−1/2a−1T ){oP (Ta2T ) + oP (T 3/4a5/2T b
−1/2
T )}+O(b−1T )oP (T 3/4a5/2T b

−1/2
T )

i
OP (T

−1a−2T )

and reduces to oP (T−1/4a
−1/2
T b

−1/2
T ).

For part (b), consider eq. (8). The CMT implies that T−1a−2T r3
¡
a−1T (·)

¢ w→ R
S2pθ ((·)S)

and T−1a−1T r4
¡
a−1T (·)

¢ w→ R
Smθ ((·)S) jointly on D [−A,A], from where the convergence of

aTQT,θ
¡
a−1T (·)

¢
follows. It also follows that (inf |r3(u)|)−1 = OP (T

−1a−2T ) and sup |r4(u)| =
OP (TaT ), which jointly with Lemma 2 and the weak convergence of T−1/2a−1T r2(0) give

sup |φ̃θ (u)−QT,θ(u)| ≤
|r2(0)|+ sup |r2 (u)− r2(0)|+ sup |r4(u)| sup |r5(u)| (inf |r3(u)|)−1

inf |r3(u)|− sup |r5(u)|
=
h
OP (T

1/2aT ) + oP (T
3/4aT ) +OP (TaT )oP (T

3/4a2T )OP (T
−1a−2T )

i
OP (T

−1a−2T ),

which simplifies to oP (T−1/4a−1T ), as asserted.
Further, define

χθ(u) :=
mθ(u)

upθ(u)
for u ∈ R \ {0} and χθ(0) := hθ = lim

u→0χ(u).

If the density f is strictly increasing (resp. decreasing) on (−∞, 0) (resp. (0,∞)), then |χ(u)| < 1
for every u ∈ R. Indeed,

mθ(u)− upθ (u) =
Z u

u−θ
(x− u)f (x) dx+

Z u+θ

u
(x− u)f (x) dx

and for u > 0 it follows that

mθ(u)− upθ (u) < f (u) {
Z u

u−θ
(x− u)dx+

Z u+θ

u
(x− u)dx} = 0,

whereas for u < 0 the opposite inequality holds (the case u = 0 was discussed in Remark ...).
Using also the continuity of χ (·), we can conclude that H(U) = max|u|≤U |χ(u)| < 1 for every
U ≥ 0 and H(·) is continuous. Since

1{u6=0}u−1QT,u = 1{u6=0}

P
y2t−1pθ(uyt−1)χθ(uyt−1)P

y2t−1pθ(uyt−1)
,

it obtains that

sup
|u|≤a−1T A

|1{u6=0}u−1QT,u| ≤ H(Amax
t≤T

|a−1T yt−1|)
w→ H(A sup

s∈[0,1]
|S(s)|),
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the convergence from the CMT. The proof is completed by definingHT,θ := H(Amaxt≤T |a−1T yt−1|),
Hθ := H(A sups∈[0,1] |S(s)|) and observing that Hθ < 1 a.s. because sups∈[0,1] |S(s)| <∞ a.s. ¥

Proof of Proposition 3. For hθ < 1 and bT φ̂
(0)
= OP (1), it follows from Proposition 2(a), by

recursive substitution, that supi∈N |γT φ̂
(i)| = OP (1), where γT := min{T 1/2aT , bT}. Therefore,

again from Proposition 2(a),

φ̂
(i)
= LT,θ + φ̂

(i−1)
(hθ +R

(i)
1 ) +R

(i)
2 ,

where supi∈N |R(i)1 | = oP (1) and supi∈N |R(i)2 | = oP (δT ) with δT := max{T−1/2a−1T , [(T−1/2a−1T )(b−1T )]1/2}.
Solving for φ̂

(i)
gives φ̂

(i)
= φ̂

(i)
1 + φ̂

(i)
2 , where

φ̂
(i)
1 = φ̂

(0)
iY
j=1

(hθ +R
(i)
1 ) + LT,θ

iX
j=1

iY
k=j+1

(hθ +R
(k)
1 ), φ̂

(i)
2 =

iX
j=1

R
(j)
2

iY
k=j+1

(hθ +R
(k)
1 ).

For the terms in φ̂
(i)
1 we find that

P

⎛⎝φ̂
(0)

iY
j=1

(hθ +R
(i)
1 )→ 0 as i→∞

⎞⎠ ≤ P µsup
i∈N

|R(i)1 | < 1
2(1− hθ)

¶
→ 1

as T →∞, and for every η ∈ (0, 1− hθ),

P

⎛⎝∃ lim
i→∞

iY
j=1

(hθ +R
(i)
1 ) and (1− hθ + η)−1 ≤ lim

i→∞

iY
j=1

(hθ +R
(i)
1 ) ≤ (1− hθ − η)−1

⎞⎠
≤ P

µ
sup
i∈N

|R(i)1 | < η

¶
→ 1

as T →∞. So if we define φ̂(∞)1 := 1{∃ limi→∞
Qi
j=1(hθ +R

(i)
1 )} limi→∞

Qi
j=1(hθ +R

(i)
1 )− (1−

hθ)
−1, it holds that φ̂

(∞)
1 = oP (1) and

P
³
φ̂
(i)
1 → (1− hθ)−1LT,θ + φ̂

(∞)
1 LT,θ as i→∞

´
→ 1

as T →∞. From here

P
³
limsupi→∞|φ̂

(i)
1 − (1− hθ)−1LT,θ| ≤ |φ̂

(∞)
1 ||LT,θ|+ supi∈N|φ̂

(i)
2 |
´
→ 1.

As LT,θ = T−1/2a−1T and, in view of the magnitude orders of R(i)1 and R
(i)
2 , supi∈N |φ̂

(i)
2 | = oP (δT ),

it follows that lim supi |δ−1T φ̂
(i) − δ−1T (1 − hθ)−1LT,θ| = oP (1) as T → ∞, which implies the

conclusions in part (a) about iterated limits.
Consider next limits along a path i = ψ(T ) and define νT = b{ψ(T )}1/2c. Note that

νT →∞ as T →∞. Similarly to the previous argument, by the hypothesis on ψ(T ) and since
supi∈N |R(i)1 | = oP (1) it holds that

|φ̂(0)|
¯̄̄̄
¯̄ νTY
j=1

(hθ +R
(i)
1 )

¯̄̄̄
¯̄ ≤ |φ̂(0)|(hθ + sup

i∈N
|R(i)1 |)νT = oP (T−1/2a−1T )
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and
PνT
j=1

QνT
k=j+1(hθ+R

(k)
1 )

P→ (1−hθ)−1 as T →∞. So φ̂(νT )1 = (1−hθ)−1LT,θ+oP (T−1/2a−1T ) =
OP (T

−1/2a−1T ), and as φ̂
(νT )
2 = oP (δ

(1)
T ), we find that φ̂

(νT )
= OP (δ

(1)
T ), δ

(1)
T := δT = max{T−1/2a−1T ,

[(T−1/2a−1T )(b
−1
T )]

1/2}. We can think of φ̂(2vT ) as obtained from an iteration with initial value

φ̂
(νT )
1 and with initial magnitude order (δ(1)T )

−1 instead of bT . By the same argument as for φ̂
(vT ),

we can conclude that φ̂
(2νT )
1 = (1 − hθ)−1LT,θ + oP (T−1/2a−1T ), φ̂

(2νT )
2 = oP (δ

(2)
T ) and φ̂

(2νT )
=

OP (δ
(2)
T ), δ

(2)
T := max{T−1/2a−1T , [(T−1/2a−1T )3(b−1T )]1/4}. Continuing by induction, φ̂

(ν2T )
1 = (1−

hθ)
−1LT,θ+oP (T−1/2a−1T ) and φ̂

(ν2T )
2 = oP (δ

(T )
T ), δ(T )T := max{T−1/2a−1T , [(T−1/2a−1T )2

T−1(b−1T )]
2−T }.

For the bT considered in part (b), δ
(T )
T = O(T−1/2a−1T ) and thus, φ̂

(ν2T ) = (1 − hθ)−1LT,θ +
oP (T

−1/2a−1T ). Finally, iterating from φ̂
(ν2T ) to φ̂

(ψ(T ))
yields φ̂

(ψ(T ))
= (1−hθ)−1LT,θ+oP (T−1/2a−1T ),

from where the convergence in part (b) obtains. ¥
Proof of Proposition 4. The proof is similar to that of Proposition 3(b). In view of
Proposition 2(b) we can write

|φ̂(bT
ν/2c)| ≤ |φ̂(0)|HbT ν/2c

T,θ + oP (T
−1/4a−1T ) = oP (T

−1/4a−1T ),

since HbT ν/2c
T,θ

P→ 0 exponentially fast. Then the desired convergences follow by applying Propo-

sition 3(b) with bT = T 1/4aT and ψ(T ) = bT νc − bT ν/2c to the iteration started at φ̂(bT
ν/2c)

.
¥
Proof of Proposition 5. We use the notation introduced in the proof of Proposition 3. Fix
an A > 0 and let R1,T := sup|u|≤A

¯̄
rT,θ(γ

−1
T u)

¯̄
= oP (1) and R2,T := sup|u|≤A

¯̄
eT,θ(γ

−1
T u)

¯̄
=

oP (δT ), where rT,θ and eT,θ are as in Proposition 2(a). By the same proposition, the event

A := {|γT φ̂
(i)| < A,∀i ∈ N} is contained in

A1 := {φ̂(i) = φ̂
(i−1)

(hθ +R
(i)
1 ) + LT,θ +R

(i)
2 ,∀i ∈ N} ∩ {sup

i∈N
|R(i)j | ≤ Rj,T , j = 1, 2}.

Let ∆̂T := φ̂
(0) − (1− hθ)−1LT,θ; then in the decomposition φ̂

(i)
= φ̂

(i)
1 + φ̂

(i)
2 we have

φ̂
(i)
1 = ∆̂T

iY
j=1

(hθ +R
(i)
1 ) + LT,θ[(1− hθ)−1 + λ

(i)
T ], (14)

λ
(i)
T : =

iX
j=1

h iY
k=j+1

(hθ +R
(k)
1 )− hi−jθ

i
+ (1− hθ)−1

h iY
j=1

(hθ +R
(i)
1 )− hiθ

i
.

With A2 :=
©|R1,T | ≤ 2−1 (hθ − 1)ª, for outcomes in A1 ∩A2 it holds that¯̄̄̄
¯̄ iY
j=1

(hθ +R
(i)
1 )

¯̄̄̄
¯̄ ≥ µhθ + 12

¶i
and

iX
j=1

iY
k=j+1

|hθ +R(k)1 | < (3hθ − 1)i
2i (hθ − 1) . (15)

Define

IT := min
n
i ∈ N : |γT ∆̂T{2−1(hθ + 1)}i + γTLT,θ(1− hθ)−1| > 3A

o
.
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Then IT = OP (1) because, by hypothesis, |γT ∆̂T | is bounded away from zero in probability,
whereas γTLT,θ = OP (1) by Proposition (a). Further, for outcomes in A1 ∩A2

λ
(i)
T ≤

iX
j=1

[(hθ +R1,T )
i−j − hi−jθ ] + (1− hθ)−1[(hθ −R1,T )i − hiθ]

and a similar evaluation of λ(i)T from below holds, so that

(hθ −R1,T )i − 1
hθ −R1,T − 1 −

(hθ +R1,T )
i − 1

hθ − 1 ≤ λ
(i)
T ≤

(hθ +R1,T )
i − 1

hθ +R1,T − 1 −
(hθ −R1,T )i − 1

hθ − 1 .

As IT = OP (1) and R1,T = oP (1), it follows that λ
(IT )
T = oP (1), and since γTLT,θ = OP (1) ,

P (A3) → 1 for A3 := {|γTLT,θλ̂
(IT )
T | < A}. Recalling eq. (14) and the definition of IT ,

we can conclude that for outcomes in ∩3i=1Ai, |γT φ̂
(IT )
1 | > 2A. Recalling also (15), for such

outcomes |γT φ̂
(IT )
2 | ≤ γTR2,T{2−1 (3hθ − 1)}IT (hθ−1)−1 =: κT , and since P (A4)→ 1 for A4 :=

{κT < A}, we finally obtain that, for outcomes in ∩4i=1Ai, |γT φ̂
(IT )| ≥ |γT φ̂

(IT )
1 |− |γT φ̂

(IT )
2 | > A.

Therefore, A ⊂ ¡∩4i=1Ai¢c (with c denoting complement). Recalling that A ⊂ A1, we find that
A ⊂ ¡∩4i=2Ai¢c, where P ¡∩4i=2Ai¢→ 1. This proves that P (A)→ 0. ¥
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