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Abstract. We give necessary and su�cient conditions on the autoregressive polynomialfor the existence of (possibly polynomial-) serial correlation common features as well as forother forms of common cycles. We characterize the resulting moving average representations.These conditions allow to de�ne the restrictions on the VAR parameters that correspond tovarious form of common dynamics. Results are stated for stationary VAR processes and weindicate how they directly extend to cointegrated VAR systems integrated of order 1 and 2.

1. Introduction
Several macroeconomic theories predict the presence of common dynamic components ineconomic time series. This idea has been translated by Vahid and Engle (1993) and Engle andKozicki (1993) into the notion of common features. Special features of economic time seriesare trends and cycles; some applications are contained in Kugler and Neusser (1993), Vahidand Issler (2002), Hecq, Palm, and Urbain (2002, 2006), Schleicher (2007) and Cubadda,Hecq, and Palm (2007), inter alia.When trends are described by processes integrated of order 1, I(1), the notion of commontrends corresponds to the property of co-integration. The relation between the Autore-gressive (AR) and Moving Average (MA) representations for these processes is the objectof Granger's representation theorem. Often vector autoregressive processes are found to
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describe well the dynamic properties of observed economic time series; Johansen proved aversion of Granger's representation theorem for VAR processes, see Johansen (1996).For the I(1) case, Johansen's version of Granger's representation theorem shows that co-integration implies a reduced-rank condition on the sum of VAR matrices and a full-rankcondition of a di�erent function of the same matrices. This corresponds to a complemen-tary reduced-rank structure of the MA impact matrix in the MA representation of the �rstdi�erences of the process.Cyclical features have been associated with the presence of serially-correlated, stationaryprocesses. Several de�nitions of common cycles have been proposed in the literature; someof them are related to the AR representation, such as the (polynomial) serial correlationcommon features of Vahid and Engle (1997) and Cubadda and Hecq (2001). Other de�nitionsconcern the MA representation; this is the case for instance of the notion of co-dependenceintroduced in Gourieroux and Peaucelle (1988), see also Vahid and Engle (1997). RecentlyCubadda, Hecq, and Palm (2007) investigated the presence of common dynamics also in the�nal equations representation of the system.For common cycles, there does not appear to be any equivalent to (Johansen's version of)Granger's representation theorem. Some questions that such a representation theory couldanswer include:

(1) If a VAR process presents serial correlation common features, what type of restrictionsdoes this impose on its MA representation?(2) If a VAR process presents co-dependence, what type of restrictions does this imposeon its AR representation?(3) Can the same VAR process display both serial correlation common features and co-dependence?(4) If a VAR process presents serial correlation common features, what does this implyfor its �nal equations?
This paper aims at providing such a representation theory for VAR processes, and in doingso, it answers the above questions. We restrict attention to VAR processes, as in Johansen(1996), because the VAR class appears to describe macroeconomic data well. Results are �rstderived for stationary processes, because cycles are associated with stationary autocorrelatedprocesses. We then extend them to VAR processes integrated of order 1 and 2, showing howcommon trends and cycles can coexist, as expected from applications.The conditions for serial correlation common features and for co-dependence are, similarlyto the co-integration case, reduced rank conditions of some di�erent functions of the VARcoe�cients, with a terminal full-rank condition. The number of these reduced ranks isassociated with an indexm, which is a function of the degrees of the VAR, of its characteristicpolynomial and of the adjoint polynomial.
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We derive both necessary and necessary and su�cient conditions in terms of m and of thereduced rank conditions. We show that the same VAR can present both serial correlationcommon features and co-dependence. We also state conditions for commonality of the MApart in the �nal equation form. The present results provide tools of further analysis on the�nal equations with respect to Cubadda, Hecq, and Palm (2007), even though we do notconsider the associated inference problem.The rest of the paper is organized as follows: Section 2 introduces notation and de�nitionsof structures of interest, while Section 3 collects the main representation results. Section 4presents two worked-out examples, while Section 5 reports extensions and conclusions.A �nal word on notation. In the following, a := b and b =: a indicate that a is de�ned by b;for any matrix polynomial �(z) :=Pd�

i=0 �izi of dimension p� r, where r � p, we indicate byd� := deg �(z) its degree. For any full column rank matrix a, col(a) is the linear span of thecolumns of a, a? indicates a basis of col?(a), the orthogonal complement of col(a). For anyfull column rank matrix a, �a indicates a(a0a)�1 and Pa = �aa0 = a�a0 the orthogonal projectormatrix onto col(a). For any reduced rank matrix A we often employ a rank-decompositionof the type A = ���0 where � and � are bases of col(A) and col(A0), and the negative signis chosen for convenience in the calculations. As it is well known, the choice of � and � inthe rank decomposition is not unique, but all the results in the paper do not depend on thechoice of basis.
2. Setup and definitions

We consider the vector autoregressive process of order d�
(2.1) �(L)Xt = �t
where Xt is p � 1, �(z) = Pd�

i=0�izi with �0 = Ip, is a p � p matrix polynomial and �t isa martingale di�erence sequence (with respect to the natural �ltration generated by Xt�s,s � 0) and with positive de�nite conditional covariance matrix 
. We are interested in thecase of �nite order VAR, d� <1.Deterministic components are omitted from (2.1) for ease of exposition; they could beincluded by replacing Xt with Xt � Dt or by replacing �t with �t + Dt in (2.1), where Dtare deterministic components. Here we exclude them in order to concentrate attention onconditions on �(z) that guarantee common dynamics.We assume that the roots of k(z) := det�(z) are outside the unit circle, which en-sure the existence of a moving average (MA) representation. Thus the initial conditionsX0; : : : ; X�d�+1 can be chosen so that solution of (2.1) is the linear process
(2.2) Xt = C(L)�t
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where C(z) := inv�(z) = PdC

i=0Cizi with C(0) = Ip. Here dC = 1 whenever dk 6= 0, i.e.k(z) := det�(z) is not constant.The VAR system has also a �nal equations form, see e.g. Zellner and Palm (1974),Cubadda, Hecq, and Palm (2007):
(2.3) k(L)Xt = K(L)�twhere K(z) := adj�(z) of degree dK .In order to de�ne the common structures of interest we employ p� s matrix polynomials
(z) with s � p, 
(z) :=Pd


i=0 
izi, where both 
0 and 
d
 are assumed of full column rank.A matrix polynomial with this property is called of full column rank. We also assume that
(z) has �nite order, d
 <1.The reason to consider full column rank matrix polynomials is that if 
0 is p� s and notof full column rank, then 
(z) can be substituted with zae
(z) where a > 0 and e
0 is of fullcolumn rank s1 < s. Similarly if 
d
 is not full rank, 
(z) can be substituted with e
(z) wherede
 < d
 and e
de
 is of full column rank s1 < s. This leads to the following de�nitions.
De�nition 2.1 (CS, CD and CE structures). Let 
(z) := Pd


i=0 
izi indicate a full column

rank p� s matrix polynomial; if Xt in (2:1) satis�es

0(L)Xt = 
00�t

with d
 < d�, then we say that Xt displays common serial correlation common features of

order d
 and indicate it with Xt 2 CSs(d
).
If Xt in (2:2) satis�es 
00Xt = 
0(L)�t
with d
 < dC, then we say that Xt displays co-dependence of order d� and indicate it withXt 2 CDs(d
).
If Xt in (2:3) satis�es k(L)
00Xt = 
0(L)�t
with d
 < dK, then we say that Xt displays commonality in the �nal equations of order (d
),
and indicate it with Xt 2 CEs(d
).
Note how this de�nition encompasses several special cases, where here and in the followingwe omit the subscript s from CSs unless needed for clarity. Serial correlation commonfeatures as introduced in Engle and Kozicki (1993) correspond to the case CS(0) = CD(0).CD(d
) was introduced in Gourieroux and Peaucelle (1988), who considered only �nite-order moving averages dC < 1. CD(1) structures were studied in Vahid and Engle (1997),see also the scalar component models in Tiao and Tsay (1989). Special cases of CS aregiven by the following notions: Polynomial Serial Correlation Common Features (PSCCF)which is de�ned in Cubadda and Hecq (2001) and discussed in Cubadda, Hecq, and Palm
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(2007); Weak Form (WF) reduced rank structures, see Hecq, Palm, and Urbain (2006);Unpredictable Combinations (UP) de�ned in Paruolo (2006). Finally CE structures areconsidered in Cubadda, Hecq, and Palm (2007).In the rest of the paper we show how the above di�erent structures of interest are associatedto restrictions on the coe�cient matrices in �(z) of the VAR process.

3. Characterization of common cycles
In this section we present the main results of the paper. All proofs are placed in theAppendix. We �rst state conditions in Theorem 3.1 that link the degrees of the polynomials�(z), k(z) := det�(z), K(z) := adj�(z) with existence of CS, CD and CE. The result isstated in terms of the integer m de�ned as m := d� + dK � dk. These results give necessary(\order") conditions for CS, CD and CE in terms of m and d�.

Theorem 3.1 (Order conditions for CS, CD and CE). Assume d� < 1 and de�ne m :=d� + dK � dk; then
i) the following conditions are equivalent:

i.1) m > 0;
i.2) Xt 2 CS(d
), where d
 � d� �m;

i.3) Xt 2 CE(d�), where d� � dk � d�.
ii) Xt 2 CD(d�) if and only if m � d� and in this case d� � m� d�;
iii) ii) implies i) but not viceversa.

Theorem 3.1 shows that a CS or CE structure exists if and only ifm > 0, i.e. when the lastcoe�cient matrix of �(z) is singular. Moreover, if the degree of the determinant is greaterthan the degree of the adjoint of �(z), i.e. when m < d�, one only �nds CS(d
) structureswhile in the opposite case, both CS(d
) and CD(d�) structures coexist. In addition, notethat dk � dK = d� �m provides a lower bound for d
 in CS(d
) and it reveals the highestreduction that can be achieved in the AR part. When this di�erence is negative, i.e. whenXt 2 CD(d�), it is trivially satis�ed and does not provide any relevant information regardingthe AR part. However, dK � dk = m� d� provides an upper bound for d� in CD(d�) and itreveals the lowest order that can be achieved in the MA part.Hence the di�erence between the degrees of the adjoint and of the determinant of �(z)plays and important role to distinguish cases with CS(d
) structures from the cases withboth CS(d
) and CD(d�).We next present a characterization of the restrictions that correspond to any given valueof m > 0. These constraints are of reduced-rank type, and are stated in term of matrices �i,�i and �i that are functions of the AR coe�cients �i. This result is based on the recursivealgorithm developed in Franchi (2007), see the proof in the Appendix.
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Theorem 3.2 (Rank conditions). Assume m > 0 and let i = 0; � � � ;m and �i :=M�

i �iM�
i

where M�
i and �i are de�ned below. Then

(3.1) �i = ��i�0i
where �i, �i are p� ri matrices of full column rank ri, with ri < p�Pi�1

h=0 rh for i < m andrm = p�Pm�1
h=0 rh.

Conversely, if (3:1) is satis�ed for i = 0; � � � ;m� with rm� = p�Pm�

h=0 rh, then m = m�.

The M�
i matrices are de�ned for � := �; � as M�

i := I �Pi�1
h=0 P�h, where

Pb
i=a := 0 ifb < a. The �i are de�ned as �0 := �d�, �1;j := �d��j and �i := �Bi;1 where �Bi;j := Yi;j for2 � i � m+ 1 is de�ned by the recursion

(3.2) Yi;j := Yi�1;j+1 + i�2X
h=0

Fh;i;j

where Fh;i;j := �i�1 ��h��0hYh+1;j.

The following remarks are in order
� The matrices (�0 : �1 : � � � : �m�1 : �m) and (�0 : �1 : � � � : �m�1 : �m) aresquare non-singular matrices with orthogonal blocks. To simplify notation, we splitthese matrices into blocks bi := (�0 : � � � : �i�1), b�i := (�i : � � � : �m), and similarlyai := (�0 : � � � : �i�1), a�i := (�i : � � � : �m).
� The conditions (3.1) are reduced-rank conditions for i = 0; � � � ;m � 1, while theterminal condition for i = m is a full-rank condition. The matrices M�

i = Pa�i , M�
i =Pb�i are orthogonal projectors, and the reduced-rank conditions (3.1) are \peelingaway" subspaces until the terminal condition of full rank is met.We are now in the position to state necessary and su�cient conditions on �(z) for theexistence of CS in terms of the matrices �i, �i and �i, i = 0; : : : ;m.

Theorem 3.3 (CS structures). Let ' denote a p � s full column rank matrix, and letn � d� � 1. Then the following conditions are equivalent:a) there exists CSs(d� � n� 1);b) '0(�d� : � � � : �d��n) = 0 and '0�d��n�1 of full row rank;c) the following conditions are satis�ed:c.1) (3:1) holds with m � n+ 1,c.2) '0(�1b1 : � � � : �nbn) = 0 and ' 2 col(a�n+1),c.3) the conditions c:2) do not hold replacing n with n+ 1.
The next theorem provides necessary and su�cient conditions on K(z) := adj�(z) forthe existence of CE in terms of the matrices �i, �i and Ki, i = 0; : : : ;m, where the relationbetween Ki and �i, �i is given in (5:12) in the Appendix.
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Theorem 3.4 (CE structures). Let ' denote a p � s full column rank matrix, and letn � dK � 1. Then the following conditions are equivalent:a) there exists CEs(dK � n� 1);b) '0 (KdK : � � � : KdK�n) = 0 and '0KdK�n�1 of full row rank;c) the following conditions are satis�ed:c.1) (3:1) holds with m � n+ 1c.2) '0(KdK�1a�m : � � � : KdK�na�m+1�n) = 0 and ' 2 col(bm�n),c.3) the conditions c:2) do not hold replacing n with n+ 1.
We �nally turn to CD conditions. We note that Theorem 3.4 provides information on theCD structure because, from C(z) = K(z)=k(z), one has

(3.3) Ci = min(i;dK)X
h=0

Khci�h
where ci = 1

i!

�
di
dzi

1
k(z)

����
z=0

is a scalar. Hence the column and row structures of the Khcoe�cients determines the ones in Ci; this allows to characterize the CD structures. A morethorough analysis of these implications will be included in a future revision of the paper.
4. Examples

Example 1 (CS(d
) and CD(d�) structures). Consider the two stationary VAR(2) processes
�j(L)Xj

t = �t; j = A;B;
where Xj

t and �t � i:i:d:(0;
) have dimensions 2� 1,
�A(z) :=

 1 00 1
!+ 0 00 1=2

! z + 0 10 0
! z2

and
�B(z) :=

 1 00 1
!+ 0 00 1=2

! z + 1=2 10 0
! z2;

share the same AR equation for the second variable and the left null space of �A
2 and �B

2are identical. Hence, de�ning 
0 = (0 : 1)0 one has

00�A(z) = 
00�B(z) = (0 : 1) + (0 : 1=2)z:

The MA representations
Xj

t = 1X
n=0

Cj
n�t�n; j = A;B;
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have matrix coe�cients

CA
0 = CB

0 =  1 00 1
! and CA

1 = CB
1 =  0 00 �1=2

!
and for i = 2; 3; : : :

CA
i = ci

 0 �10 1=4
! where ci is a scalar and CB

i is ( non singular if i is evensingular if i is odd.
Then �0 = (1 : 4)0 is such that �00XA

t = �00�t + �01�t�1but �00XB
t = 1X

i=0
�0i�t�i

for any �0. Hence XA
t 2 CD(1) and XB

t 2 CS(1).This could be understood right away from the VAR coe�cients by checking the degreesof the determinant and the adjoint of
�A(z) =

 1 z20 1 + z=2
! and �B(z) =

 1 + z2=2 z20 1 + z=2
! ;

in fact one has
det�A(z) = 1 + z=2 and adj�A(z) =

 1 + z=2 �z20 1
!

so that ddetA := deg det�A(z) = 1, dadjA := deg adj�A(z) = 2, mA� d�A = dadjA � ddetA = 1and then XA
t 2 CD(d�) where d� � 1. Similarly for process XB

t one �nds ddetB = 3, dadjB = 2and d�B�mB = ddetB�dadjB = 1 so thatXB
t 2 CS(1) because d
 = ddet��dadj� = d��1 = 1.

Example 2 (Necessity of the reduced rank conditions). The stationary VAR(2) process�(L)Xt = �t where Xt and �t � i:i:d:(0;
) have dimension 3� 1 and
�(z) :=

0B@ 1 0 00 1 00 0 1
1CA+

0B@ � 0:5 0:8
� 0:4 0:7
� 0:3 0:6

1CA z +
0B@ 0:5 0 00:5 0 00:5 0 0

1CA z2;
where � is understood to be 0, is such that ddet� = dadj� = 3, so that m = d� = 2 andXt 2 CD(d
) where d
 � 0. From �2, see Theorem 3.2, one �nds �0 = (1 : 1 : 1)0 and�0 = c0(1 : 0 : 0)0 where c0 is a scalar so that �00�2 6= 0 and deg�00�(z) = 2. From �1 =P�0?�1P�0? one has �1 = (3 : �1 : �2)0 and �1 = c1(0 : 1 : 1)0 where c1 is a scalar; because�01�2 = 0 and �01�1 6= 0 one has deg�01�(z) = 1. Finally, �2 = (I�P�0�P�1)(I�P�0�P�1)gives �2 = (1 : �2 : �1)0, such that col(�0 : �1 : �2) = I and �02�2 = �02�1 = 0 so that onehas deg�02�(z) = 0. Note that if a � coe�cient in �1 is di�erent from 0, even though one
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has the same m and the same �i and �i coe�cients, condition c.2) in Theorem 3.2 fails andthus one �nds deg�02�(z) = 1.

5. Extensions and conclusion
The present results allow to characterize restrictions on the VAR coe�cients that corre-spond 1-to-1 to the presence of common dynamic features of the CF, CD, CFE type. Itis shown that all these characteristics are associated with the existence of reduced rankstructures of some functions of the VAR coe�cient matrices.The present results are formulated in terms of stationary VAR processes, but they can beextended e.g. to the case of VARs with integrated series of order 1, I(1). In fact, when somep � 1 process Yt is I(1), then Johansen's version of Granger's representation theorem, seeJohansen (1996), can be used to show that Xt := (Y 0

t �Y : �Y 0
t �Y?)0 is a stable VAR system,where � := 1� L is the di�erence operator and �Y is the cointegrating matrix.Hence all results obtained here extend directly to I(1) VARs. A similar result is obtainedin Johansen's representation theorem for I(2) VAR processes, see Johansen (1996). Similarresults hold for systems integrated of higher order, see Franchi (2007). We can hence concludethat the present results stated for stable VARs can be used to characterize common dynamicsfor I(d) VAR processes, for generic d = 1; 2; : : : .
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Appendix

In order to study the behavior of �(z) at 1, we map 1 into 0 by introducing the trans-formation z 7! 1=z and de�ne the following y and z operators1:
(5.1) �y(z) := �(z�1) and �z(z) := zd��y(z) = zd��(z�1):
Note that �z(z) = �d� + �d��1z + � � � + �0zd� contains the same coe�cients of �(z) inreversed order. For ease of notation we indicate A(z) := �z(z).
5.1. Order conditions. Recall that k(z) := det�(z) and K(z) := adj�(z). The followingproposition relates m to the order of the pole of inv�z(z) at z = 0.
Proposition 5.1. Let �d� 6= 0 be singular; then

(5.2) invA(z) = z�mKz(z)kz(z)
where Kz(0), kz(0) 6= 0 and m := d� + dK � dk > 0.
Proof. Note that A(0) = �d� is singular, i.e. detA(0) = 0, which shows that 0 is a rootof detA(z), so that detA(z) = zag(z) where a > 0 and g(0) 6= 0. Let zi be such thatA(1=zi) is singular, i.e. let g(z) = (z � 1=zi)mil(z) where mi > 0 and l(1=zi) 6= 0. BecauseA(1=zi) is mapped into �(zi) by the z operator, it follows that �(zi) is singular and hencek(z) = (z � zi)mih(z) where h(zi) 6= 0. Because �(0) = I, one has k(0) 6= 0 and this impliesthat the roots of g(z) are all �nite and they are the reciprocals of the roots of k(z). Henceone has
(5.3) detA(z) = zakz(z); kz(0) 6= 0;
where a > 0 and, similarly,
(5.4) adjA(z) = zbKz(z); Kz(0) 6= 0;
where 0 � b < a, because if the rank of A(0) = �d� is less than p�1 all co-factors in adjA(0)are 0 and one can factor zb from the adjoint; in case the rank of �d� is p� 1 there is no suchfactor. This implies invA(z) = z�c Kz(z)

kz(z) where Kz(0), kz(0) 6= 0, i.e. invA(z) has a pole oforder c at 0, c := a� b > 0.We next wish to show that c = m. By the de�nition of the y and z operators one hasinv�y(z) = zd� inv �z(z); thus, by the above derivations one �nds
(5.5) inv�y(z) = zd��cKz(z)kz(z) ;

1Stability conditions of autoregressive processes are stated equivalently in terms either of the roots ofdet�(z) or in terms of the roots of det�z(z), see e.g. Priestley (1981) pages 133 and 686.
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and because inv�(z) = K(z)

k(z) , one also has
(5.6) inv�y(z) = Ky(z)ky(z) = zdk�dKKz(z)kz(z) :Equating (5.5) and (5.6) one �nds c� d� + dK � dk = 0, i.e. c = m. �

5.2. Rank conditions. For ease of notation we indicate A(z) := �z(z), G(z) = Kz(z)and g(z) = kz(z). The algorithm described below builds on the identity A(z) adjA(z) =adjA(z)A(z) = detA(z)Ip which gives
(5.7) B(z) = H(z) = zmg(z)Ip
where B(z) := A(z)G(z), H(z) := G(z)A(z) and dB = dH = m + dg. In (5.7) one hasBj = Hj, and we use the notation Bj := Pj

h=0AhGj�h and Hj := Pj
h=0Gj�hAh; then onehas

(5.8) Bj = Hj = gj�mI 1(j � m) for j = 0; � � � ;m+ dg
where 1(�) is the indicator function, g0 6= 0 by (5.3) and gdg 6= 0 by de�nition of thedeterminant.For the proof of Theorem 3.2 and Lemma 5.3 below we make repeated use of the followingresult.
Lemma 5.2. Let G 6= 0 and assume �G = G� = 0; this implies

i) � = ���0 with � and � of dimension p� r and full column rank, col(G) � col?(�) andcol(G0) � col?(�);
ii) If moreover col(G) � col(b) and col(G0) � col(a), then i) implies col(G) � B := col(b)\col?(�) and col(G0) � A := col(a) \ col?(�) where, because G 6= 0, dimA = dimB > 0.

Proof. i) Because det� 6= 0 implies G = 0, one has � = ���0 with � and � of dimensionp� r and full column rank r < p, so that col(G) � col?(�) and col(G0) � col?(�);
ii) From col(G) � col(b) and i) one has col(G) � B := col(b)\col?(�); and because G 6= 0it must be that B 6= f0g and thus dimB > 0. Similarly one shows that col(G0) � A :=col(a) \ col?(�) and dimA > 0. �

Proof of Theorem 3.1. Let K(z) = adj�(z) and k(z) = det�(z); then
i.1)) i.2) and i.3). If m > 0 then (5.8) and Lemma 5.2 imply det�d� = 0 and detKdK =0. Then there exist 
0 6= 0 such that 
00�(z) = 
0(z) where 0 � d
 � d� � 1. Then k(z)
00 =
0(z)K(z) follows from the last equation and one has dk � d
 + dK . Similarly, detKdK = 0implies �00K(z) = �0(z) where 0 � d� � dK�1 and �0 6= 0. Then k(z)�00 = �0(z)�(z) followsfrom the last equation and one has dk � d� + d�.
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i.2) ) i.1). (By contradiction) Assume m = 0 and �d� of reduced rank; because (5.8)for j = m = 0 gives �d�KdK = g0I and implies det�d� 6= 0 and detKdK 6= 0, we reach acontradiction and thus it must be m > 0. Similarly one shows that i.3) ) i.1).

ii) Because Xt 2 CD(d�) if and only if �00C(z) = �0(z), i.e �00K(z) = k(z)�0(z), we needto show that �00K(z) = k(z)�0(z) if and only if dK � dk. Su�. If �00K(z) = k(z)�0(z) thendK � dk + d� implies dK � dk because d� � 0. Nec. (By contradiction) Assume dk > dKand �00K(z) = k(z)�0(z); because the degree of the r.h.s. is dk + d� where d� � 0 and thedegree of the l.h.s. is at most dK we reach a contradiction and thus it must be dK � dk.
iii) Direct consequence of i) and ii). This completes the proof. 2

Lemma 5.3. In the notation of Theorem 3:2, consider indices i and s with 0 � i � m and0 � s � m+ dg; the following equalities hold

��i�0iGs +M�
i

sX
h=1

�Bi+1;hGs�h +M�
i �B

i+1;s = 0(5.9)
�Gs�i�0i + sX

h=1
Gs�h�Hi+1;hM�

i +�H
i+1;sM�

i = 0(5.10)
where

Pb
i=a � := 0 if b < a. Here �H1;h := �B1;h and, for i � 2, �Hi;j := Yi;j in (3:2) forFh;i;j := �Hh+1;j

��h��0h�Hi�1;1. De�ne also �B
1;s := �gs�m1(s � m)I =: �H

1;s and for i � 2,�B
i;j := Yi;j in (3:2) for Fh;i;j := �i�1 ��h��0hYh+1;j. Finally, for i � 2, �H

i;j := Yi;j in (3:2) forFh;i;j := Yh+1;j ��h��0h�i�1.
Moreover, G0 = �g0 ��m��0m and for i = 0; : : : ;m

�a�0i �i�b�i =
 
�g0Iri 00 0

!(5.11)
�b0m�i+1Gi�am�i+1 =

 0 00 �g0Irm�i
! :(5.12)

Proof of Theorem 3.2 and Lemma 5.3. We want to show that for i < m one has�iG0 = G0�i = 0 and thus one can apply Lemma 5.2 to obtain (3.1). We also want to prove(5.9) and (5.10) recursively for i = 0; : : : ;m. Finally we want to show that �mG0 = g0P�mand G0�m = g0P�m , which imply (3.1) for i = m and G0 = �g0 ��m��0m.For i = 0, B0 = H0 = 0 and one has �0
0G0 = G0�0 = 0 so that Lemma 5.2 applies becauseG0 6= 0, see (5.4). Hence (3.1) holds for i = 0 and one has G0 = M�

1G0M�
1 and r0 < p, see

ii). Moreover, (5.9) and (5.10) for i = 0 follow from substituting A0 = �0 = ��0�00 and thede�nition of �B1;j, �B
1;j, �H1;j, and �H

1;j into the de�nition of Bj and Hj respectively, and using(5.8).
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Next we show that if (3.1), (5.9) and (5.10) hold for i = 0; : : : ; n, then the same equationshold also for i = n + 1, where n is chosen 0 � n � m � 1. Take s = 0 and i = n < m � 1in (5.9) and (5.10) and note that �B

n+1;0 = �H
n+1;0 = 0. Pre-multiplying (5.9) by M�

n+1 andpost-multiplying (5.10) by M�
n+1, one �nds

(5.13) M�
n+1�n+1G0 = G0�n+1M�

n+1 = 0:
Next observe that by the induction assumption we have G0 =M�

n+1G0M�
n+1; substitutinginto (5.13) one �nds �n+1G0 = G0�n+1 = 0 so that Lemma 5.2 applies. Hence (3.1) holdsfor i = n+ 1 with rn+1 < p�Pn

h=0 rh, see ii), and G0 =M�
n+2G0M�

n+2.Next we prove the update of (5.9); consider �rst (5.9) for any 0 � i � n and pre-multiplyit by ���0i to �nd
(5.14) �0iGs = ��0i sX

h=1
�Bi+1;hGs�h + ��0i�B

i+1;s:
Next consider (5.9) for s = n+ 1 and i = n; pre-multiply it by M�

n+1 to �nd
(5.15) 0 =M�

n+1�n+1Gs +M�
n+1

sX
h=1

�Bn+1;h+1Gs�h +M�
n+1�B

n+1;s+1 =: a+ b+ c (say):
Using the projection identity I =M�

n+1+Pn
h=0 P�h , substituting from (5.13) and (5.14), andrearranging terms one �nds

a = ��n+1�0n+1Gs +M�
n+1

sX
l=1

(�n+1

nX
h=0

��h��0h�Bh+1;l)Gs�l +M�
n+1�n+1

nX
h=0

��h��0h�B
h+1;s:

Summing a+ b+ c one �nds (5.9) for i = n+ 1. Similarly one obtains the update of (5.10).This proves (3.1), (5.9) and (5.10) for i = 0; : : : ;m� 1.Finally, consider i = m�1 and take s = 1 in (5.9) and (5.10). Pre-multiplying (5.9) byM�
mand post-multiplying (5.10) by M�

m, one �nds M�
m�mG0 = g0M�

m and G0�mM�
m = g0M�

m.Substituting G0 =M�
mG0M�

m, derived from the induction step, for n = m� 1 one has
(5.16) �mG0 = g0M�

m and G0�m = g0M�
m:

From the �rst equation one �nds col(�m) = col(M�
m) = col(�m), where �m is a basis ofcol(M�

m) of dimension rm = p�Pm�1
h=0 rh; hence �m =: ��m�0m is the corresponding rank de-composition and (3.1) holds for i = m. Substituting �m = ��m�0m in (5.16) one obtains (5.9)and (5.10) for i = m. Because �0mG0�m = �g0Irm , one �nds G0 = P�mG0P�m = �g0 ��m��0m.Note that M


i = Pm
h=i P
h and that, setting j; n � i one has ��0j�i ��n = ��0jM�

i �iM�
i
��n =��0j�i ��n = ���0j�i�0i ��n which proves (5.11).In order to prove (5.12) we proceed by induction. Because G0 = �g0 ��m��0m, (5.12) holdsfor i = 0. Next we assume (5.12) for i = 0; : : : ; n and show that it holds for i = n+ 1 � m.
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From (5.9) with j = i+ n+ 1 and i � m� n� 1 one has

�0iGn+1 = ��0i n+1X
h=1

�Bi+1;hGn+1�h � �i;m�n�1g0��0i
so that �0iGn+1�j = 0 for j = 0; : : : ;m � n � 1 holds by the induction assumption and�0m�n�1Gn+1�m�n�1 = �g0Irm�n�1 follows from the last equation. Similarly from (5.10) onehas �0m�n�1Gn+1�j = 0 for j = 0; : : : ;m� n� 2 and thus (5.12) holds for i = n+ 1 and thiscompletes the proof. 2
Corollary 5.4. Consider indices i and j with 1 � i � m + 1 and 0 � j � m + dg; then�i;j = 0 for i + j � m and �i;j = �g0I for i + j = m + 1. Moreover, col(Gs) = col(b�m�s)
and col(G0

s) = col(a�m�s), i.e. Gs = �b�m�sHs�a�0m�s.

Proof. By de�nition �1;j = 0 for 0 � j � m� 1 and �1;m = �g0I; then using (3:2) one has�2;j = 0 for 0 � j � m � 2 and �2;m�1 = �1;m = �g0I. By iterating (3:2) one �nds thestatement. PROVE THE SECOND STATEMENT! �

Proof of Theorem 3.3. Let A(z) = �z (z); thena) , b) by de�nition.b)) c.1) Because '0A(z) = zn+1�0(z) where �(0) has full column rank, from A(z)G(z) =zmg(z)I one has zn+1�0(z)A(z) = zmg(z)'0 so that m � n+ 1.b) ) c.2) Because A0 = �0, '0A0 = 0 implies '0�0 = 0. Next we proceed by induction,assuming that '0Ai = 0 implies '0�ibi = 0 and ' 2 col(a�i+1) for i = 0; : : : ; q and provingit for i = q + 1, where 1 � q � n � 1. Consider (3.2) for i = q + 1 and note that'0Fh;q+1;j = '0�q ��h��0h�Bh+1;j = 0 for 0 � h � q � 1 by the induction assumption. Hence'0�q+1 = '0�B1;q+1 = '0Aq+1 = 0. This implies that for i = 0; : : : ; n one has '0�ibi = 0;moreover, because ' 2 col(a�q+1), 0 = '0�q+1M�
q+1 = '0�q+1 = �'0�q+1�0q+1, i.e. ' 2col(a�q+2).b) ) c.3) From (3.2) one has '0�n+1 = '0An+1 because '0Fh;n+1;j = 0 as above so that'0An+1 of full row rank implies '0�n+1 of full row rank; hence '0�n+1bn+1 has full row rank.c) ) b) Assume '0�ibi = 0, ' 2 col(a�n+1); then '0�ibi�b0i = 0, '0ai�a0i�iM�

i = 0 and'0M�
i �iM�

i = '0�i = 0. Summing these 3 terms, one �nds '0�i = 0. Pre-multiplying (3.2)by '0, one �nds '0�Bi;1 = '0�Bi�1;2 because '0Fh;i;j = '0�i�1 ��h��0h�Bh+1;j = 0 for 0 � h � i�2 byassumption. Iterating one �nds '0�i = '0�B1;i = '0Ai and this proves '0 (A0 : � � � : An) = 0,noting that '0�0 = '0A0. If '0�n+1bn+1 has full row rank, then '0�n+1 = '0An+1 from (3.2)has full row rank. If ' 2 col(�n+1), then '0�n+1 has full row rank, see (5.11), and thiscompletes the proof. 2
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