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ABSTRACT. We give necessary and sufficient conditions on the autoregressive polynomial
for the existence of (possibly polynomial-) serial correlation common features as well as for
other forms of common cycles. We characterize the resulting moving average representations.
These conditions allow to define the restrictions on the VAR parameters that correspond to
various form of common dynamics. Results are stated for stationary VAR processes and we
indicate how they directly extend to cointegrated VAR systems integrated of order 1 and 2.

1. INTRODUCTION

Several macroeconomic theories predict the presence of common dynamic components in
economic time series. This idea has been translated by Vahid and Engle (1993) and Engle and
Kozicki (1993) into the notion of common features. Special features of economic time series
are trends and cycles; some applications are contained in Kugler and Neusser (1993), Vahid
and Issler (2002), Hecq, Palm, and Urbain (2002, 2006), Schleicher (2007) and Cubadda,
Hecq, and Palm (2007), inter alia.

When trends are described by processes integrated of order 1, I(1), the notion of common
trends corresponds to the property of co-integration. The relation between the Autore-
gressive (AR) and Moving Average (MA) representations for these processes is the object
of Granger’s representation theorem. Often vector autoregressive processes are found to
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describe well the dynamic properties of observed economic time series; Johansen proved a
version of Granger’s representation theorem for VAR processes, see Johansen (1996).

For the I(1) case, Johansen’s version of Granger’s representation theorem shows that co-
integration implies a reduced-rank condition on the sum of VAR matrices and a full-rank
condition of a different function of the same matrices. This corresponds to a complemen-
tary reduced-rank structure of the MA impact matrix in the MA representation of the first
differences of the process.

Cyclical features have been associated with the presence of serially-correlated, stationary
processes. Several definitions of common cycles have been proposed in the literature; some
of them are related to the AR representation, such as the (polynomial) serial correlation
common features of Vahid and Engle (1997) and Cubadda and Hecq (2001). Other definitions
concern the MA representation; this is the case for instance of the notion of co-dependence
introduced in Gourieroux and Peaucelle (1988), see also Vahid and Engle (1997). Recently
Cubadda, Hecq, and Palm (2007) investigated the presence of common dynamics also in the
final equations representation of the system.

For common cycles, there does not appear to be any equivalent to (Johansen’s version of)
Granger’s representation theorem. Some questions that such a representation theory could

answer include:

(1) If a VAR process presents serial correlation common features, what type of restrictions
does this impose on its MA representation?

(2) If a VAR process presents co-dependence, what type of restrictions does this impose
on its AR representation?

(3) Can the same VAR process display both serial correlation common features and co-
dependence?

(4) If a VAR process presents serial correlation common features, what does this imply
for its final equations?

This paper aims at providing such a representation theory for VAR processes, and in doing
so, it answers the above questions. We restrict attention to VAR processes, as in Johansen
(1996), because the VAR class appears to describe macroeconomic data well. Results are first
derived for stationary processes, because cycles are associated with stationary autocorrelated
processes. We then extend them to VAR processes integrated of order 1 and 2, showing how
common trends and cycles can coexist, as expected from applications.

The conditions for serial correlation common features and for co-dependence are, similarly
to the co-integration case, reduced rank conditions of some different functions of the VAR
coefficients, with a terminal full-rank condition. The number of these reduced ranks is
associated with an index m, which is a function of the degrees of the VAR, of its characteristic
polynomial and of the adjoint polynomial.
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We derive both necessary and necessary and sufficient conditions in terms of m and of the
reduced rank conditions. We show that the same VAR can present both serial correlation
common features and co-dependence. We also state conditions for commonality of the MA
part in the final equation form. The present results provide tools of further analysis on the
final equations with respect to Cubadda, Hecq, and Palm (2007), even though we do not
consider the associated inference problem.

The rest of the paper is organized as follows: Section 2 introduces notation and definitions
of structures of interest, while Section 3 collects the main representation results. Section 4
presents two worked-out examples, while Section 5 reports extensions and conclusions.

A final word on notation. In the following, a := b and b =: @ indicate that a is defined by b;
dx

for any matrix polynomial 7(z) := >_i" 72" of dimension p x r, where r < p, we indicate by
d, = deg m(z) its degree. For any full column rank matrix a, col(a) is the linear span of the
columns of a, a, indicates a basis of col™(a), the orthogonal complement of col(a). For any
full column rank matrix a, @ indicates a(a’a)™" and P, = Ga’ = aa’ the orthogonal projector
matrix onto col(a). For any reduced rank matrix A we often employ a rank-decomposition
of the type A = —af’ where o and f3 are bases of col(A) and col(A’), and the negative sign
is chosen for convenience in the calculations. As it is well known, the choice of & and f in
the rank decomposition is not unique, but all the results in the paper do not depend on the

choice of basis.

2. SETUP AND DEFINITIONS

We consider the vector autoregressive process of order dp
(21) H(L)Xt = €

where X, is p x 1, II(2) = ijo I;z* with IIy = I,, is a p x p matrix polynomial and ¢, is
a martingale difference sequence (with respect to the natural filtration generated by X; ,,
s > 0) and with positive definite conditional covariance matrix 2. We are interested in the
case of finite order VAR, dpj < oc.

Deterministic components are omitted from (2.1) for ease of exposition; they could be
included by replacing X; with X; — D; or by replacing €; with ¢; + D; in (2.1), where D;
are deterministic components. Here we exclude them in order to concentrate attention on
conditions on TI(z) that guarantee common dynamics.

We assume that the roots of k(z) := detll(z) are outside the unit circle, which en-
sure the existence of a moving average (MA) representation. Thus the initial conditions
Xo, ..., X _gy41 can be chosen so that solution of (2.1) is the linear process

(2.2) X, = O(L)e,
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where C'(z) := inv1l(z) = Z?:Go C,z" with C(0) = I,. Here do = oo whenever dj, # 0, i.e.
k(z) := detTI(2) is not constant.

The VAR system has also a final equations form, see e.g. Zellner and Palm (1974),
Cubadda, Hecq, and Palm (2007):

(2.3) KL)X, = K(L)e,

where K (z) := adjTI(2) of degree dk.

In order to define the common structures of interest we employ p X s matrix polynomials
v(2) with s < p, y(z) := Z?lo 7;2', where both v and 74 are assumed of full column rank.
A matrix polynomial with this property is called of full column rank. We also assume that
7v(2) has finite order, d, < o.

The reason to consider full column rank matrix polynomials is that if vy is p X s and not
of full column rank, then ~y(z) can be substituted with 2%7(z) where a > 0 and 7y is of full
column rank s; < s. Similarly if 74 is not full rank, y(z) can be substituted with 7(z) where
dy < d, and %a is of full column rank s; < s. This leads to the following definitions.

Definition 2.1 (CS, CD and CE structures). Let v(2) := Y%, wi2® indicate a full column
rank p X s matriz polynomial; if Xy in (2.1) satisfies

Y (L)Xt = e
with d < dp, then we say that X, displays common serial correlation common features of
order d, and indicate it with Xy € CS,(d,).
If X in (2.2) satisfies

%Xt =7 (L)er
with d, < d¢, then we say that X, displays co-dependence of order dy and indicate it with
X; € CDg(d,).
If Xy in (2.3) satisfies

k(L)1 Xe =+ (L)es

with d, < dg, then we say that X, displays commonality in the final equations of order (d,),
and indicate it with X; € CE4(d,).

Note how this definition encompasses several special cases, where here and in the following
we omit the subscript s from CS,; unless needed for clarity. Serial correlation common
features as introduced in Engle and Kozicki (1993) correspond to the case CS(0) = CD(0).
CD(d,) was introduced in Gourieroux and Peaucelle (1988), who considered only finite-
order moving averages d¢ < co. CD(1) structures were studied in Vahid and Engle (1997),
see also the scalar component models in Tiao and Tsay (1989). Special cases of CS are
given by the following notions: Polynomial Serial Correlation Common Features (PSCCF)
which is defined in Cubadda and Hecq (2001) and discussed in Cubadda, Hecq, and Palm
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(2007); Weak Form (WF) reduced rank structures, see Hecq, Palm, and Urbain (2006);
Unpredictable Combinations (UP) defined in Paruolo (2006). Finally CE structures are
considered in Cubadda, Hecq, and Palm (2007).

In the rest of the paper we show how the above different structures of interest are associated
to restrictions on the coefficient matrices in 1I(z) of the VAR process.

3. CHARACTERIZATION OF COMMON CYCLES

In this section we present the main results of the paper. All proofs are placed in the
Appendix. We first state conditions in Theorem 3.1 that link the degrees of the polynomials
[I(2), k(z) := detIl(z), K(z) := adjII(z) with existence of CS, CD and CE. The result is
stated in terms of the integer m defined as m := diy + dx — di. These results give necessary
(“order”) conditions for CS, CD and CE in terms of m and dy.

Theorem 3.1 (Order conditions for CS, CD and CE). Assume dyp < oo and define m :=
dH + dK - dk,’ then

i) the following conditions are equivalent:
i.1) m>0;
i.2) X; € CS(d,), where d, > dy —m;
i.3) X; € CE(dy), where dy > dj, — dn.
i) Xy € CD(dy) if and only if m > dn and in this case dy < m — dp;
iii) i) implies i) but not viceversa.

Theorem 3.1 shows that a CS or CE structure exists if and only if m > 0, i.e. when the last
coefficient matrix of TI(z) is singular. Moreover, if the degree of the determinant is greater
than the degree of the adjoint of I1(z), i.e. when m < dy, one only finds CS(d,) structures
while in the opposite case, both CS(d,) and CD(dy) structures coexist. In addition, note
that d, — dx = dn — m provides a lower bound for d, in CS(d,) and it reveals the highest
reduction that can be achieved in the AR part. When this difference is negative, i.e. when
X € CD(dy), it is trivially satisfied and does not provide any relevant information regarding
the AR part. However, dx — d, = m — dp provides an upper bound for ds in CD(dy) and it
reveals the lowest order that can be achieved in the MA part.

Hence the difference between the degrees of the adjoint and of the determinant of TI(2)
plays and important role to distinguish cases with CS(d,) structures from the cases with
both CS(d,,) and CD(dy).

We next present a characterization of the restrictions that correspond to any given value
of m > 0. These constraints are of reduced-rank type, and are stated in term of matrices «;,
B; and T'; that are functions of the AR coefficients II;. This result is based on the recursive
algorithm developed in Franchi (2007), see the proof in the Appendix.
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Theorem 3.2 (Rank conditions). Assume m >0 and leti=0,--- ,m and ®; := MT; M’
where MY and T; are defined below. Then

(3.1) O, = —auf3;

where oy, B; are p X r; matrices of full column rank r;, with r; < p— Zﬁ:o ry fori <m and
'm =D — th;ol Th-

Conversely, if (3.1) is satisfied for i =0,--+ ,m* with rp =p— Y 4o, then m = m*.
The M matrices are defined for ¢ == o, as MY == I — 2_:10 Py, , where Zf:a = 0 if
b < a. TheT; are defined as Tg := Mgy, Ty := Mgy 5 and Ty := TP where TP, := Y for
2 <1< m+1 s defined by the recursion

1—2
(3.2) Yi; =Y 11+ Z Fhij
h=0

. 2 =1
where F ;5 = i1 803, Yig1,-

The following remarks are in order

e The matrices (ag : oy @ -+ @ oy @ ) and (B @ B1 ¢ -+ ¢ Bt : Bm) are
square non-singular matrices with orthogonal blocks. To simplify notation, we split
these matrices into blocks b; := (Bo:---: 8i1), b == (Bi: -+ : Bm), and similarly
a; = (ap -t am1), al = (ot Q).

e The conditions (3.1) are reduced-rank conditions for ¢ = 0,--- ,m — 1, while the

terminal condition for 7 = m is a full-rank condition. The matrices M = P, Mf =
Py are orthogonal projectors, and the reduced-rank conditions (3.1) are “peeling
away” subspaces until the terminal condition of full rank is met.

We are now in the position to state necessary and sufficient conditions on II(z) for the
existence of CS in terms of the matrices oy, f; and I';, 1 = 0,...,m.

Theorem 3.3 (CS structures). Let ¢ denote a p x s full column rank matriz, and let
n <dg— 1. Then the following conditions are equivalent:
a) there exists CSy(dy —n —1);
b) (Mg -+ Ugyn) =0 and @'y, —n_1 of full row rank;
¢) the following conditions are satisfied:
c.1) (3.1) holds with m > n +1,
c.2) @' (I'yby i -+ :Tybn) =0 and ¢ € col(ag ),
c.3) the conditions ¢.2) do not hold replacing n with n + 1.

The next theorem provides necessary and sufficient conditions on K(z) := adjII(z) for
the existence of CE in terms of the matrices «;, 5; and K;, 1 =0, ..., m, where the relation
between K; and «;, f5; is given in (5.12) in the Appendix.
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Theorem 3.4 (CE structures). Let ¢ denote a p X s full column rank matriz, and let

n < dx — 1. Then the following conditions are equivalent:

a) there erists CEs(dg —n — 1);

b) ¢ (Kay - Kagon) =0 and @' Ky, _pn—1 of full row rank;

¢) the following conditions are satisfied:
c.1) (3.1) holds with m > n +1
c.2) ¢ (Kgeorap, - Kgpnag, 1) =0 and ¢ € col(bp_y,),
c.3) the conditions ¢.2) do not hold replacing n with n + 1.

We finally turn to CD conditions. We note that Theorem 3.4 provides information on the
CD structure because, from C(z) = K(z)/k(z), one has

min(i,d g

)
(3.3) Ci= Y Kncio

h=0

7 .
where ¢; = % (%k(lz)) is a scalar. Hence the column and row structures of the K
: 2=0

coefficients determines the ones in C;; this allows to characterize the CD structures. A more
thorough analysis of these implications will be included in a future revision of the paper.

4. EXAMPLES

Ezample 1 (CS(d.,) and CD(d,) structures). Consider the two stationary VAR(2) processes
HJ(L)Xg = € ] = A; B7

where X/ and ¢ ~ i.1.d.(0,Q) have dimensions 2 x 1,

10 0 0 01,

- (1) (1 8) o (21),
(10 0 0 12 1\,
HB('Z)‘_<0 1>+(0 1/2)Z+( 0 o)z’

share the same AR equation for the second variable and the left null space of I3 and T2

and

are identical. Hence, defining 79 = (0 : 1)’ one has
A=) = %TTa(2) = (05 1)+ (0 1/2)2.
The MA representations

Xg = chétfna ] = A>B7

n=0



8

have matrix coeflicients

1
Cg‘:c(?:(o ?) andof‘:cf:(g f/2>

and for i =2,3,...

Cl =g 0 where ¢; is a scalar and CP is Hon ‘Slngulal." le 15 even
0 1/4 singular if 7 is odd.

Then ¢g = (1:4)" is such that
G X[ = dper + Pl
but

o0

HXE = e

=0
for any ¢. Hence X/ € CD(1) and X? € CS(1).

This could be understood right away from the VAR coefficients by checking the degrees
of the determinant and the adjoint of

(12 o 1+222 22 '
HA(Z)‘(O 1+z/2> andHB(z)_( 0 1+z/2>’

in fact one has

1 9 2
detIls(z) =14 z/2 and adjIls(z) = ( +()Z/ 12 )

so that dger, 1= degdetIls(2) =1, dygj, = degadjIla(z) =2, mag —dn, = dagj, — daer, =1
and then X! € CD(dy) where dgy < 1. Similarly for process X one finds dges,, = 3, dugj, = 2
and dr, —mp = dget; —daqj, = 150 that XP € CS(1) because d, = dgey1—dagjr = du—1 = 1.

Ezample 2 (Necessity of the reduced rank conditions). The stationary VAR(2) process
II(L)X; = ¢ where X; and €; ~ i.i.d.(0, Q) have dimension 3 x 1 and

100 £ 05 0.8 0.5 0 0
Hz):=]1 010 |+] « 04 07 |z+] 05 0 0 |2%
001 x 03 06 0.5 0 0

where * is understood to be 0, is such that dgeqim = dagjn = 3, so that m = dg = 2 and
X € CD(d,) where d, > 0. From Ily, see Theorem 3.2, one finds ap = (1 : 1 : 1)’ and
Bo = co(1: 0:0) where ¢g is a scalar so that ajlly # 0 and degayll(z) = 2. From &, =
P,, 111 Ps,, one has oy = (3: —1:—2)" and f; = ¢;(0:1: 1) where ¢; is a scalar; because
oIl = 0 and oI} # 0 one has deg o|I1(z) = 1. Finally, &3 = (I — Py, — P, )({ — P3, — Ps,)
gives ap = (1 : =2 : —1)/, such that col(ayg : a1 : ap) = I and a4lly; = o411} = 0 so that one
has deg o4I1(z) = 0. Note that if a x coefficient in II; is different from 0, even though one
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has the same m and the same «; and §; coefficients, condition ¢.2) in Theorem 3.2 fails and
thus one finds deg a4I1(z) = 1.

5. EXTENSIONS AND CONCLUSION

The present results allow to characterize restrictions on the VAR coefficients that corre-
spond 1-to-1 to the presence of common dynamic features of the CF, CD, CFE type. It
is shown that all these characteristics are associated with the existence of reduced rank
structures of some functions of the VAR coefficient matrices.

The present results are formulated in terms of stationary VAR processes, but they can be
extended e.g. to the case of VARs with integrated series of order 1, I(1). In fact, when some
p x 1 process Y; is 1(1), then Johansen’s version of Granger’s representation theorem, see
Johansen (1996), can be used to show that X; := (Y/fy : AY/fy )" is a stable VAR system,
where A := 1 — L is the difference operator and fy is the cointegrating matrix.

Hence all results obtained here extend directly to 1(1) VARs. A similar result is obtained
in Johansen’s representation theorem for I(2) VAR processes, see Johansen (1996). Similar
results hold for systems integrated of higher order, see Franchi (2007). We can hence conclude
that the present results stated for stable VARs can be used to characterize common dynamics
for 1(d) VAR processes, for generic d =1,2,....
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APPENDIX

In order to study the behavior of TI(z) at oo, we map oo into 0 by introducing the trans-
formation 2 + 1/z and define the following 1 and 1 operators’:

(5.1) i (2) == (=) and Ty (2) := 2T (2) = 2" TI(2 ).

Note that ITy(z) = Il + Mgy 12 + -+ + oz contains the same coefficients of T1(z) in
reversed order. For ease of notation we indicate A(z) := I1;(z).

5.1. Order conditions. Recall that k(z) := detII(z) and K (z) := adjll(z). The following
proposition relates m to the order of the pole of invII;(z) at z = 0.

Proposition 5.1. Let I1;, # 0 be singular; then

(5.2) inv A(z) = 27" —

where K(0), k;(0) # 0 and m :=dy + dg — dj, > 0.

Proof. Note that A(0) = Il is singular, i.e. det A(0) = 0, which shows that 0 is a root
of det A(z), so that det A(z) = 2%¢g(z) where a > 0 and ¢g(0) # 0. Let z; be such that
A(1/z) is singular, i.e. let g(z) = (2 — 1/z;)™il(2z) where m; > 0 and I(1/2;) # 0. Because
A(1/z) is mapped into TI(z;) by the i operator, it follows that II(z;) is singular and hence
k(z) = (z — z;)™ h(z) where h(z;) # 0. Because II(0) = I, one has k(0) # 0 and this implies
that the roots of g(z) are all finite and they are the reciprocals of the roots of k(z). Hence
one has

(5.3) det A(z) = 2%4(2), k:(0) # 0,
where a > 0 and, similarly,
(5.4) adj A(2) = K3 (2), K3(0) #0,

where 0 < b < a, because if the rank of A(0) = I, is less than p—1 all co-factors in adj A(0)
are 0 and one can factor z° from the adjoint; in case the rank of I, is p— 1 there is no such
factor. This implies inv A(z) = z_c%(:)) where K;(0), k¢(0) # 0, i.e. inv A(z) has a pole of
order cat 0, c:=a—b > 0.

We next wish to show that ¢ = m. By the definition of the 7 and { operators one has

inv IT;(z) = 291 inv [T;(2); thus, by the above derivations one finds
. ~ By(2)
(5.5) inv IL;(z) = e 222
T ky(2)

IStability conditions of autoregressive processes are stated equivalently in terms either of the roots of
detTI(z) or in terms of the roots of det IT;(z), see e.g. Priestley (1981) pages 133 and 686.
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and because invII(z) = %, one also has

_ Ki(z) _ de_dKKj;_(Z)
kT(Z) ki(z) '

Equating (5.5) and (5.6) one finds ¢ — dy + dgx — d, = 0, i.e. ¢ =m.

(5.6) inv I1;(2)

O

5.2. Rank conditions. For ease of notation we indicate A(z) = IL;(2), G(z) = K(z
and ¢g(z) = ki(z). The algorithm described below builds on the identity A(z)adj A(z) =
adj A(z)A(z) = det A(z)I, which gives

(5.7) B(z) = H(z) = z"g(2)1,

where B(z) := A(2)G(z), H(z) := G(2)A(z) and dg = dg = m +d,. In (5.7) one has
B; = H;, and we use the notation B; := Zi:o ApGj_p and H; = Zi:o Gj_nAp; then one
has

(5.8) B;=H;=gj—nI1(j >m) for j=0,--- ,m+d,

where 1(-) is the indicator function, go # 0 by (5.3) and g4, # O by definition of the
determinant.
For the proof of Theorem 3.2 and Lemma 5.3 below we make repeated use of the following

result.

Lemma 5.2. Let G # 0 and assume ®G = GO = 0; this implies

i) ® = —af with a and B of dimension p x v and full column rank, col(G) C col*(5) and
col(G") C col™(a);

ii) If moreover col(G) C col(b) and col(G') C col(a), then i) implies col(G) C B := col(b)N
col™(B) and col(G") C A := col(a) N col™(a) where, because G # 0, dim A = dim B > 0.

Proof. i) Because det ® # 0 implies G = 0, one has ® = —af’ with « and  of dimension
p x r and full column rank < p, so that col(G) C col* () and col(G") C col™(a);

i) From col(G) C col(b) and 4) one has col(G) C B := col(b)Ncol™(5); and because G # 0
it must be that B # {0} and thus dim B > 0. Similarly one shows that col(G') C A :=
col(a) N col* () and dim A > 0. O

PROOF OF THEOREM 3.1. Let K(z) = adjIl(z) and k(z) = detII(2); then

i.1) = i.2) and i.3). If m > 0 then (5.8) and Lemma 5.2 imply det I, = 0 and det Ky, =
0. Then there exist vy # 0 such that 1{1I(z) = 7/(2) where 0 < d, < dy — 1. Then k(z)y) =
7' (2)K (z) follows from the last equation and one has dj, < d, + dg. Similarly, det K4, =0
implies ¢ K (2) = ¢'(2) where 0 < d, < dxg —1 and ¢y # 0. Then k(2)¢) = ¢'(2)I1(z) follows
from the last equation and one has d;, < dg + dn.
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i.2) = 1.1). (By contradiction) Assume m = 0 and Il of reduced rank; because (5.8)
for j = m = 0 gives 1y, Kq4,, = gol and implies detIl;, # 0 and det K4, # 0, we reach a
contradiction and thus it must be m > 0. Similarly one shows that i.3) = i.1).

i) Because X; € CD(dy) if and only if ¢yC(2) = ¢'(2), i.e ¢4K(2) = k(2)¢'(2), we need
to show that @K (z) = k(2)¢'(2) if and only if dgx > di. Suff. If ¢{K(z) = k(2)¢'(2) then
dix > di, + dg implies dg > dj because dy > 0. Nec. (By contradiction) Assume dj, > dg
and ¢yK(z) = k(2)¢'(2); because the degree of the r.h.s. is dy + dy, where dy > 0 and the
degree of the L.h.s. is at most dx we reach a contradiction and thus it must be dx > dj.

i4i) Direct consequence of i) and 4i). This completes the proof. O

Lemma 5.3. In the notation of Theorem 3.2, consider indices © and s with 0 <1 < m and
0 < s <m+d,; the following equalities hold

(5.9) —;8iGs + M Z sz‘iLthfh + Mz‘a@ﬁrm =0
h=1
(5.10) —Goill+ > G Th M + 08, M =0
h=1

where Y0_ - == 0 if b < a. Here I, == TP, and, for i > 2, T[ = Y;; in (3.2) for

Fyij = F,ﬂl’j/;hdﬁlfﬁl’l. Define also ©F, = —g,_pnl(s > m)I =: O and for i > 2,
G)iBjj =X m (32) fOT' Fhﬂ}j = Fiflﬁ_hc_k;th+l7j- Fmally, fOT'i Z 2, @fj =T m (32) fOT

.— —/
Frij = Yni1,;0005T 1.

Moreover, Go = —gofBmal, and fori=0,...,m
_ —gol,.
(5.11) oA
0 0
— 0 0
512 bl ; Giim_i = .
(5.12) i1 m it ( 0 —gol,_, )

PrROOF OF THEOREM 3.2 AND LEMMA 5.3. We want to show that for ¢ < m one has
®,Gy = Go®; = 0 and thus one can apply Lemma 5.2 to obtain (3.1). We also want to prove
(5.9) and (5.10) recursively for i = 0,...,m. Finally we want to show that ®,,Go = goP,,,
and G¢®,, = goPs,,, which imply (3.1) for i = m and Gy = —go B,

For i =0, By = Hy = 0 and one has &Gy = Gy®; = 0 so that Lemma 5.2 applies because
Gy # 0, see (5.4). Hence (3.1) holds for i = 0 and one has Gy = M GoM? and ry < p, see
ii). Moreover, (5.9) and (5.10) for ¢ = 0 follow from substituting Ag = &g = —ap 3] and the

definition of I'Y;, ©F,, T'{;, and ©f into the definition of B; and Hj respectively, and using
(5.8).
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Next we show that if (3.1), (5.9) and (5.10) hold for i = 0,...,n, then the same equations
hold also for ¢ = n + 1, where n is chosen 0 < n <m—1. Take s=0andi=n<m—1
in (5.9) and (5.10) and note that ©7,, , = ©}1,, ; = 0. Pre-multiplying (5.9) by M2, and
post-multiplying (5.10) by M? ni1, one finds

(513) Mg+1rn+1G0 = G()Fn+1M 11— 0

Next observe that by the induction assumption we have Gy = M, +1G0 n1; substituting
into (5.13) one finds ®,,.,Gy = GoP,,11 = 0 so that Lemma 5.2 applies. Hence (3.1) holds
for i =n +1 with 7,1 < p— Sop_y 7, see i), and Gy = M? ,GoM,

Next we prove the update of (5.9); consider first (5.9) for any 0 < i < n and pre-multiply
it by —a; to find

(5.14) BiGs = a;y TH 4Gen+ 000, .

h=1

Next consider (5.9) for s =n 4+ 1 and i = n; pre-multiply it by M2, to find
(5.15) 0= M\ \TnnGs + M, Z Dot ns1Gson + MO o =t a+ b+ c (say).

Using the projection identity I = M/, +3"7_, Ps,, substituting from (5.13) and (5.14), and
rearranging terms one finds

s

a= —Oén+1ﬁn+1G + M n+1 Z(FnH Z /ghd;LFEJrl,l)Gs_l + M, n+1 Lt Z Bhah@hﬂ s
=1 h=0
Summing a + b+ ¢ one finds (5.9) for i = n + 1. Similarly one obtains the update of (5.10).
This proves (3.1), (5.9) and (5.10) for i =0,...,m — 1.
Finally, consider i = m—1 and take s = 1 in (5.9) and (5.10). Pre-multiplying (5.9) by M2
and post-multiplying (5.10) by M?, one finds M2aI',,Gy = goMe and GoI',,M? = goM?Z.

Substituting Gy = MZ GoM¢, derived from the induction step, for n = m — 1 one has
(5.16) ®,,Go = goM2: and Go®,, = goM?.

From the first equation one finds col(®,,) = col(M?) = col(e,,), where «,, is a basis of
col(M2) of dimension r,,, = p— 37" 75; hence ®,,, =: —a,, 3, is the corresponding rank de-
composition and (3.1) holds for i = m. Substituting ®,, = —a,,, 3/, in (5.16) one obtains (5.9)
and (5.10) for i = m. Because 3,Goay = —goly,,, one finds Gy = Py, GoPy,, = —goBm sy,
Note that M = Y°;" . P,, and that, setting j,n > ¢ one has d}FiBn = d;-MfTiMan =
&P 3, = —ala; B{ 3, which proves (5.11).

In order to prove (5.12) we proceed by induction. Because Gy = —goSmal,, (5.12) holds
for i = 0. Next we assume (5.12) for i = 0,...,n and show that it holds for i =n+ 1 < m.
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From (5.9) with j =¢+n+1 and i < m —n — 1 one has
n+1
n+1 — Oé ZFH’l rYn+1—-h — 6i,mfn7190d;

so that ;G410 = 0 for j = 0,...,m —n — 1 holds by the induction assumption and
Brno1Gni10m n1 = —gol,, _._, follows from the last equation. Similarly from (5.10) one
has ! Gpi10; =0for j =0,...,m—n—2 and thus (5.12) holds for i = n+ 1 and this
completes the proof. O

m—n—1

Corollary 5.4. Consider indices t and j with 1 <1 < m+1 and 0 < j < m +dy; then
©,;, =0 fori+j <m and ©;; = —gol fori+ j=m+ 1. Moreover, col(Gs) = col(b,_,)
and col(G) = col(a, ), i.e. Gy =02,  H,a2

m—s”

Proof. By definition ©; =0 for 0 < j <m — 1 and ©;,, = —gol; then using (3.2) one has
Oy, =0for 0 < j <m—2and Oy,,_1 = O1,, = —gol. By iterating (3.2) one finds the
statement. PROVE THE SECOND STATEMENT! ]

PrROOF OF THEOREM 3.3. Let A(z) =II; (2); then

a) < b) by definition.

b) = ¢.1) Because ¢’ A(z) = 2""1¢/(z) where ¢(0) has full column rank, from A(2)G(z) =
2™g(2)I one has z"'¢'(2)A(2) = 2™g(2)¢’ so that m > n + 1.

b) = ¢.2) Because Ay = Ty, ¢4y = 0 implies ¢'T'y = 0. Next we proceed by induction,
assuming that ¢'A; = 0 implies ¢'T';b; = 0 and ¢ € col(aj,,) for i = 0,...,¢q and proving
it for i = ¢+ 1, where 1 < ¢ < n — 1. Consider (3.2) for i = ¢ + 1 and note that
O'Fhgi1,j = ngthdgF,ﬁrM = 0 for 0 < h < g — 1 by the induction assumption. Hence
¢'Tyr1 = ¢TT 11 = ¢Agr = 0. This implies that for i = 0,...,n one has ¢'T;b; = 0;
moreover, because ¢ € col(ag,,), 0 = gp’l“qHMqﬁJrl = @'y = —Plagf ., le. ¢ €
col(ags)-

b) = ¢.3) From (3.2) one has ¢'I',.1 = ¢'A, 1 because ¢'F}, .41, = 0 as above so that
' Apyq of full row rank implies ¢'T', 1 of full row rank; hence ¢'T', ;1b, 1 has full row rank.

¢) = b) Assume ¢'I';b; = 0, ¢ € col(ay_,); then ¢'I';bb; = 0, Y'a;a, ;M = 0 and
O MAT,; MB = ¢'®;, = 0. Summing these 3 terms, one finds ng = 0. Pre-multiplying (3.2)
by ¢', one finds ¢'TP = TP | , because @' Fy;; = ¢'Ti_ 1 Sp, T, = 0for 0 < h <i—2by
assumption. Iterating one finds ¢'T'; = ¢'T'F; = ¢'A; and this proves ¢’ (4g: -+ A,) =0,
noting that ¢'I'y = ¢’ Ag. If ¢'I',11b,.1 has full row rank, then ¢'I';, ;1 = gp’AnH from (3.2)
has full row rank. If ¢ € col(a,1), then ¢'T, 41 has full row rank, see (5.11), and this
completes the proof. O
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