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Abstract

The local polynomial regression predictors developed by Cleveland
(1979) have been applied to estimate the short-term trend of season-
ally adjusted economic indicators and implemented in several statisti-
cal packages. The main purpose of this study is to introduce a RKHS
representation of the LOESS smoother with particular emphasis on
the asymmetric filters applied to most recent observations. The filters
obtained by means of the RKHS are shown to have superior proper-
ties relative to the classical ones from the view point of signal passing,
noise suppression and revisions. We compare the performance of the
kernel representations relative to the classical filters using real life se-

ries.
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1 Introduction

The basic approach to the analysis of current economic conditions, known
as recession and recovery analysis (see Moore, 1961) is that of assessing the
short-term trend of major economic indicators (leading, coincident and lag-
ging) using percentage changes, based on original units calculated for months
and quarters in chronological sequence. The main goal is to evaluate the be-
havior of the economic indicators during incomplete phases by comparing
current contractions or expansions with corresponding phases in the past.
This is done by measuring changes of single time series (mostly seasonally
adjusted) from their standing at cyclical turning points with past changes
over a series of increasing spans. In recent years, statistical agencies have
shown an interest in providing trend-cycle estimates or smoothed seasonally
adjusted data to facilitate recession and recovery analysis. Among other
reasons, this interest originated from major economic and financial changes
of global nature which have introduced more variability in the data, and
consequently in the seasonally adjusted numbers, making very difficult to
determine the direction of the short-term trend, particularly to assess the

presence or the upcoming of a turning point.



The estimation of the trend-cycle with the X11/X12ARIMA seasonal adjust-
ment method (see Dagum, 1988 and Findley et al., 1998) as well as the US
Bureau of Census method II - X11 variant (Shiskin et al., 1967) is done by
the application of linear filters due to Henderson (1916). These estimators
possess similar (fitting and smoothing) properties to the local polynomial
regression predictors developed by Cleveland (1979), as noted and studied
by Dagum and Bianconcini (2006a and 2006b).

The LOESS filters have been applied to estimate the short-term trend of sea-
sonally adjusted economic indicators in the STL procedure (Cleveland et al.,
1990), and implemented in the most widely used statistical packages, such
as Eviews, Stata, S-plus, R, Matlab, SAS.

The LOESS estimator, originally called LOWESS (LOcally WEighted Scat-
terplot Smoother), is based on nearest neighbor weights and is applied in
an iterative manner for robustification. LOESS of order p consists of locally
fitting a p-th degree polynomial by means of weighted least squares. The
weighting function suggested and chosen by Cleveland (1979) is the tricube
one. The asymmetric weights of the filters are derived following the same
technique by weighting the data belonging to an asymmetric neighborhood
which contains the same number of data points of the symmetric one.

The study of the properties and limitations of this smoother have been
discussed by many authors, among them, Kenny and Durbin (1982), Cleve-
land and Devlin (1988), Cleveland et al.(1990), Wand and Jones (1995), Gray
and Thomson (1990 and 1996), Fan and Gijbels (1996), Dagum and Luati



(2000 and 2004). However, to the best of our knowledge, none of these stud-
ies have approached the LOESS filter from a Reproducing Kernel Hilbert
Space (RKHS) perspective.

A RKHS is a Hilbert space characterized by a kernel that reproduces,

via an inner product, every function of the space or, equivalently, a Hilbert
space of real valued functions with the property that every point evaluation
functional is bounded and linear.
The RKHS approach followed in our study is strictly nonparametric. We
make use of the fundamental theoretical result due to Berlinet (1993) accord-
ing to which a kernel estimator of order p > 2 can always be decomposed into
the product of a reproducing kernel R, ;(-,) and a probability density func-
tion fp with finite moments up to order 2p. The reproducing kernel belongs
to the space of polynomials of degree at most p — 1.

The main purpose of this study is to introduce a RKHS representation
of the LOESS smoother with particular emphasis on the asymmetric ones
applied to most recent observations. The asymmetric filters can be derived
coherently with the corresponding symmetric weights or from a lower or
higher order kernel within a hierarchy, if preferred. In the particular case
of the currently applied asymmetric LOESS filters, those obtained by means
of the RKHS are shown to have superior properties relative to the classical
ones from the view point of signal passing, noise suppression and revisions.
We compare the performance of the kernel representations relative to the

classical filters using real life series.



Section 2 briefly presents the basic properties of reproducing kernel Hilbert
spaces. Section 3 discusses the classical LOESS symmetric smoother and its
kernel representation. Section 4 presents the asymmetric filters of LOESS and
performs a spectral analysis comparison with those currently in use. Section
5 illustrates the new asymmetric LOESS kernel smoothers with applications

to real data. Finally, Section 6 gives the conclusions.

2 Linear Filters in Reproducing Kernel Hilbert
Spaces

Let {(t;,y;),i = 1,2,..., N} denote each time point ¢; at which the observa-
tion y; is taken. Without loss of generality, we will assume that 0 < ¢; <
to <..<ity <1

A basic assumption in time series analysis is that the input series
{yi,i=1,2,...,N} can be decomposed into the sum of a systematic compo-
nent called the signal (or nonstationary mean) g;, plus an erratic component

called the noise u;, such that
Yi = Gi + Uj. (1)

The noise component u; is assumed to be either a white noise, WN (0, ¢2), or,
more generally, to follow a stationary and invertible AutoRegressive Moving

Average (ARMA) process.



Assuming that the input series {y;,i = 1,2, ..., N} is seasonally adjusted or
without seasonality, the signal g; represents the trend and cyclical compo-
nents, usually referred to as trend-cycle for they are estimated jointly. The
trend-cycle can be deterministic or stochastic, and have a global or a local
representation. Following a nonparametric regression approach, we only as-
sume that the curve g; belongs to some infinite dimensional function space,
chosen to satisfy some smoothness (i.e. continuity and differentiability) con-
ditions. Hence, g; can be represented locally by a polynomial of degree p
(using a p-th order Taylor approximation) of the time distance j, between
y; and the neighboring observations y;_;, j = —m, ..., m. Hence, given u; for

some time point t;, it is possible to find a local polynomial trend estimator
9:(J) = a0 + arj + ... + apj” + &:(j), (2)

where ag, ay, ...,a, € R and ¢; is assumed to be purely random and mutually
uncorrelated with ;.

The coefficients ay, a1, ..., a, can be estimated by ordinary or weighted least
squares or by summation formulae (see e.g. Dagum, 1985). The solution for
ao provides the trend-cycle estimate g;(0), which equivalently is a weighted
average applied in a moving manner (Kendall, Stuart, and Ord, 1983), such

that

Gi(0) =g = > wi (3)

j=—m



where w;, j < IV, denotes the weights to be applied to the observations y;_;

to get the estimate g; for each point in time ¢;,,72 =1,2,..., N.
The weights depend on: (1) the degree of the fitted polynomial, (2) the
amplitude of the neighborhood, and (3) the shape of the function used to
average the observations in each neighborhood.

Once a (symmetric) span 2m + 1 of the neighborhood has been selected, the
w,’s for the observations corresponding to points falling out of the neighbor-
hood of any target point are null or approximately null, such that the esti-
mates of the N — 2m central observations are obtained by applying 2m + 1
symmetric weights to the observations neighboring the target point. The
missing estimates for the first and last m observations can be obtained by
applying asymmetric moving averages of variable length to the first and last
m observations, respectively. The length of the moving average or time in-
variant symmetric linear filter is 2m-+1, whereas the asymmetric linear filters
length is time varying.

Using the backshift operator B, such that B"y, = y,_,, equation (3) can be

written as

Gi =Y wBy =W(B)y;, i=12..,N (4)
J

where W (B) is a linear nonparametric estimator.

The nonparametric estimator W (B) is said to be a second order kernel if it



satisfies the conditions

m

Z w; = 1, (5)
Z Jw; =0, (6)

hence it preserves a constant and a linear trend. On the other hand, W (B)

is a higher order kernel if

o ow o= 1, (7)
j=—m

> jw; =0, (8)
j=—m

for some r = 1,2,...,p > 2. In other words, it will reproduce a polynomial
trend of degree p — 1 without distortion.
A different characterization of a p-th order nonparametric estimator can be
provided by means of the RKHS methodology.
A Hilbert space H is a complete linear space with a norm given by an in-
ner product. The space of square integrable functions L? and the finite
p-dimensional space RP are those used in this study.

Let us assume that the time series {y;,7 = 1,2, ..., N} is a finite realization
of a family of square integrable random variables, .e. fol |Y;|2dt < oo. Hence,
the stochastic process {Y;}ieo,1] belongs to the space L?[0,1].

The space L?[0, 1] is a Hilbert space endowed with the inner product defined



<U®),V(t) >= / 1 UV (1) folt)dt

where U(t),V(t) € L?[0,1] and fo(¢) is a continuous design density on the
bounded interval [0, 1]. In the following, L?[0, 1] will be indicated as L?(fy).
The local trend g;(-) belongs to the space of polynomials of degree at most
p, P, with p non-negative integer. P, is a Hilbert subspace of L?( fy), hence

it inherits its inner product, such that

< P(#),Q(t) >= / PUOQ(E) fo(t)dt, (9)

where P(t),Q(t) € P,,.
Berlinet (1993) showed that the space P, is a reproducing kernel Hilbert
space of polynomials on some domain 7', that is, V¢ € [0,1] and VP € P,

there exists an element R,(t,.) € P,, such that
P(t) =< P(), Ryft, ) > . (10)

R,(t,-) is called reproducing kernel. Formally, R is a function R : [0, 1] x
[0,1] — R that satisfies the following properties:

(1) R(t,-) € H,Vt € [0,1]; and

(2) < g(-),R(t,-) >=g(t), Vte€[0,1] and Vg € H.

This last condition is called the ”reproducing property”: the value of the

function g at the point ¢ is reproduced by the inner product of g with R(t, -).



The estimate g; can be equivalently seen either as the projection of y; on
P, or as a local weighted average of the observations for the discrete version
of the filter given in eq. (4). The weights w; are derived by a kernel function

K of order p + 1,

Kpia(t) = Rp(t,0) fo(t), (11)

where p is the degree of the fitted polynomial. Eq. (11) results from a
fundamental theorem proved by Berlinet (1993) which states that:

Kernels of order (p+1), p > 1, can be written as products of the reproducing
kernel R,(t,-) of the space P, C L?[0,1] and a density function fo with finite
moments up to order 2p.

It follows that for any sequence (F;)o<i<p of (p+ 1) orthonormal polynomials
in L2(f0)7
p
Ry(t,0) =)  A(t)P(0) (12)
1=0

and therefore,
p

Kpr(t) =) B(t)P(0) folt)- (13)

=0

An important outcome of the RKHS theory is that linear filters can be
grouped into hierarchies {K,,p = 2,3,4,...} with the following property:
each hierarchy is identified by a density fy and contains kernels of order 2,
3, 4,... which are products of orthonormal polynomials by f.

The weight system of a hierarchy is completely determined by specifying:
(a) the bandwidth or smoothing parameter, which determines the length of

the filter, (b) the maximum order of the estimator in the family, and (c) the
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density fo.

In this study, the smoothing parameter is not derived by data dependent
optimization criteria, but we fixed it with the aim to obtain a kernel repre-
sentation of the most often applied LOESS smoothers for current economic
analysis. However, kernels of any length, including infinite ones, can be ob-
tained with the above approach. Consequently, the results discussed can be
easily extended to any filter length as long as the density function and its
orthonormal polynomials are specified.

The identification and specification of the density is one of the most cru-
cial task for smoothers based on local polynomial fitting by weighted least
squares, as the LOESS filter. The density is related to the weighting function

which compares in the least squares minimization problem.

3 LOESS Symmetric Smoothers and their Ker-
nel Representation

Local polynomial fitting has a long history in time series, particularly within
the actuarial literature. Henderson (1916), Whittaker and Robinson (1924),
and Macauley (1931) are some of the earlier classical references. These au-
thors were very much concerned with the smoothing properties of linear
estimators, being Henderson the first to show that the smoothing power of a
linear filter depends on the shape of its weighting system. Significant modern

contributions include Cleveland (1979), Cleveland and Devlin (1988), Wand
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and Jones (1995), Fan and Gijbels (1996), and Loader (1999).
The regression smoother, here considered and studied, is the one developed
by Cleveland (1979), known as LOESS and originally called LOWESS (LO-
cally Weighted Scatterplot Smoother), based on the nearest neighbor weights
and applied in an iterative manner for robustification.

Given a series of equally spaced observations and corresponding target
points {(y;,t;),i = 1,., N}, 0 <t < .. <ty <1, LOESS produces a

smoothed estimate g; as follows
b =t 6; (14)

where t; is a (p + 1)-dimensional vector of generic component t¢,d =0, ..., p,
p=0,1,2, ... denotes the degree of the fitted polynomial, and @Z is the (d+1)-
dimensional least squares estimate of a weighted regression computed over a
neighborhood of ¢; constituting a subset of the full span of the series.

The weights of the regression depend on the distance between the target
point ¢; and any other point belonging to its neighborhood, N(t;), through

a weight function W (t), such that

wi(t;) =W ( Lt ) , Vi € N(t;), (15)

where A(t;) = maxy, en,) |ti — t|. Each neighborhood is made of the same
number of points chosen to be nearest to t;, and the ratio between the am-

plitude of the neighborhood, say &, and the full span of the series, N, defines
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the bandwidth or smoothing parameter. It is sensible to choose an odd value
for k in order to allow symmetric neighborhood for central observations.

Three are the crucial choices to be made in LOESS: (1) the shape of the
weighting function W (t), (2) the degree of the fitting polynomial p, and (3)
the value of the smoothing parameter.
The weighting function we use is the tricube proposed by Cleveland et al.
(1990), i.e.

W(t) = (1= [t*) I (®), (16)

whose quasi-semicircular shape allows about 45% of the points belonging to
any symmetric neighborhood to have considerable weight (greater than 0.8),
the remaining 55% having weights decreasing to zero quite slowly.
Concerning the degree of the fitting polynomial, p = 1 or p = 2 are usually
appropriate choices. The highest degree is more appropriate when the plot
of the flexibility of a quadratic curve best fits highly noisy time series.

For the smoothing parameter selection, Cleveland et al. (1988 and 1990)
proposed some data dependent criteria, such as the diagnostic M-plot and
the C, procedure (Mallows, 1966 and 1973), whereas, in the iterative STL
procedure, suggested to choose a filter length equal to the smallest odd inte-
ger greater than or equal to the periodicity of the data.

On the other hand, we fix the smoothing parameter to ensure filter lengths
equal to 9, 13, and 23 terms, which are the most widely applied for the

current economic analysis of monthly time series. We use the I/C ratio
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estimated on the series to specify the length of the trend-cycle moving av-
erage adopted. I and C are respective averages of the absolute values of
the month to month changes in the (estimated) irregular @; and trend g;.
Following the X11/X12ARIMA procedure, the central 9 point filter is chosen
when I/C' < 1, the 13-term when 1 < I/C < 3.5, and the 23-term filter for
I/C > 3.5.

To obtain a LOESS kernel hierarchy, by means of the RKHS methodology;,
the density fp and the corresponding orthonormal polynomials have to be
determined.

The probability function is directly derived by W(t) in eq. (16) (Bian-

concini, 2006) and is given by

70

for(t) = g(l — ) [y (8), (17)

where g represents the integration constant of the tricube function on the
support [—1,1]. for is a Beta kernel estimator with parameters r = 3 and
s = 3, that is

K0 = (gapirg ) 0 T (18)

where B(a,b) = fol =11 — )b=1dt with a,b > 0 is the beta function.
The set of polynomials orthonormal with respect to the tricube density func-
tion are not explicitly known, but they can be derived by means of the

Gram-Schmidt orthonormalization procedure. Following Brezinski (1980),
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the LOESS tricube hierarchy up to the third order is here determined using

the determinantal expression

 det(HY, (1))

Bot) = = ety or®) (19)

where Hg denote the Hankel matrix of order p built from the sequence of
moments of for, {40, i1, ..., piap—2}, and det(HY | ()) is the determinant of the
matrix obtained by replacing the first column of Hg by | 1 ¢t 2 .. ! '

The density function (17) represents the second order kernel in the hier-

archy, and the third order tricube kernel, which corresponds to the classical

LOESS 2 estimator, is given by

70(1 o]y 539 3719 , 2
(1 — X (— - — ) ( )
81 293 638

1,200 . 13-term Loess Kernels

1,000

0,800

10,200

10,000

Figure 1: Gain functions of the 13-term symmetric LOESS kernels

Figure 1 illustrates the gain functions of the symmetric 13-term filters in
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the LOESS tricube hierarchy. Similar results can be extended to every filter
length, not shown here for space reasons.

It is evident that the second order kernel possesses the good properties to
suppress unwanted ripples (at w = 0.10), i.e. cycles of 9-10 months often
interpreted as false turning points, but at expenses of a too strong reduction
of the signal in the output respect to the higher order filter. Hence, the
latter is preferable than the former as trend cycle estimator. Particularly,
Dagum and Bianconcini (2006a and 2006b) have studied the strong similar-
ity existing between the LOESS 2 estimator and the Henderson filter, that
is the most widely applied trend-cycle estimator in nonparametric seasonal
adjustment procedures.

Therefore, in the next section, we only derive the asymmetric filters corre-
sponding to the 13-term third order LOESS kernel, and compare them with
the classical asymmetric LOESS 2 filters developed by Cleveland (1979).

4 Asymmetric LOESS Smoothers and Their
Kernel Representations

The LOESS tricube hierarchy provides a new way to represent the LOESS
estimators developed by Cleveland (1979). This has important consequences
in the derivation of the corresponding asymmetric filters.

Cleveland (1979) showed that, in the body of the series, LOESS acts as a

symmetric moving average with window length 2m + 1. However, at the end
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of the series, its window length remains 2m + 1, rather than decreasing to
m++1 as in the case of the most widely applied asymmetric concurrent trend-
cycle estimators. As discussed by Gray and Thomson (1990), this implies
a heavier than expected smoothing at the ends of the series respect to the
body, and represents a drawback, particularly for economic time series where
turning points are important to identify.

On the other hand, in the RKHS approach, the asymmetric weights are
directly obtained from the kernel functions adapted to the length of each
filter. Given a symmetric filter of length 2m + 1, we obtain asymmetric
smoothers of length ranging from 2m to m + 1 as follows

w; = qK(j;{bzl_/b), j=-m, ..q (21)

i=—m

where j is the distance to the target point ¢;, b is the bandwidth parameter
equal to m + 1, and m + ¢ + 1 is the asymmetric filter length. For example,
the asymmetric weights of the 13-term LOESS kernel for the last point are
given by

K(j)7
= —= U/7) j=—6,...,0.

Y s K (/7))

The asymmetric classical 13-term LOESS 2 filters show an erratic conver-

gence behavior to the corresponding symmetric one, as shown in Figure 2.
Furthermore, the last point asymmetric filter, which is the most important
for current economic analysis, introduces a strong amplification of the signal

at low frequencies and passes a lot of noise.
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On the other hand, it is apparent that the asymmetric kernels converge more
monotonically and faster to the central one as illustrated in Figure 3. Par-
ticularly, the last point LOESS asymmetric kernel exhibits a gain function
with better properties of signal passing and noise suppression. This implies

smaller filter revisions as new data are added to the series.

— Symmetric
First
Second
Third
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—Fifth

—Last

G(w)
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Figure 2: Gain functions of symmetric and asymmetric Classical (Cleveland)
13-term LOESS 2 filters
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Figure 3: Gain functions of the symmetric and asymmetric weights of the
13-term LOESS Tricube Kernel
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The phase shifts for both filters (Figure 4) are smaller than one month in the

o8
0
04 = Cleveland
’ ~—Kerne|
02
o
PPESLLDIE DS TEeLe
P PR e SRS

signal frequency band.

Figure 4: Phase shifts of the asymmetric (end point) weights of the LOESS
kernel and of the classical (Cleveland) LOESS 2 filter

5 Empirical Analysis

To illustrate how the "reproducing” kernel estimators respond to the vari-
ability of the data we use three series characterized by different noise to signal
ratios. The comparison is done as follows:

(1) the input for the trend-cycle estimators is the seasonally adjusted series
modified by extreme values with zero weights. The identification and re-
placement of extreme values is done with the default option of X11ARIMA
which defines as extreme value with zero weight any irregular falling outside
+2.50;

(2) we obtain preliminary estimates of the trend-cycle by applying the last

point asymmetric Cleveland LOESS 2 filter and its kernel representation, and
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a final estimate by using the symmetric filter. The length of the smoothers
is selected in according to the noise to signal ratio estimated on the series;
(3) the comparison between the (last point) asymmetric filters is based on
the total revision between preliminary last point estimates and final ones due
to only filter change. This is measured by the Mean Absolute Percentage Re-
vision (MAPR) calculated as

XP-Xxf
X

, (22)

N

100

MAPR =~
>

where XtP is the preliminary trend-cycle estimate at point ¢ obtained by
applying the last point asymmetric filter, XtF is the final trend-cycle estimate
at point t obtained by using the symmetric filter, and N is the number of
available observations.

The first series is the US Unemployed Men, over 20 years old, covering
the period January 1992 - December 1999. This series is adjusted for extreme
values as described in (1) above and the Cleveland and kernel LOESS 2 trend-
cycle are estimated. We look at the value of the noise to signal ratio given
by the X11ARIMA method which is used to select the appropriate length of
the filters. The I/C is equal to 0.69 which corresponds to the 9-term filter.

The kernel representation provides more significant gain in filter revisions
as exhibit in Figure 5, particularly in the period June 1995 - December 1999,
characterized by a larger number of turning points. This pattern is also

confirmed by the MAPR equal to 1.20 for the last point asymmetric kernel
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Figure 5: US Unemployed Men (Age over 20) final and preliminary estimates

and to 4.49 for the classical (last point) asymmetric LOESS 2 filter.

The second series is the New Order of Durable Goods (NODG), a Cana-
dian leading indicator discussed in Dagum (1996). This series covers the
period January 1981-December 1993, and is published by Statistics Canada
in both originally and seasonally adjusted forms. The I/C ratio calculated
by the X11/X12ARIMA software is equal to 2.14, and hence we estimate
the trend-cycle of the series by means of the last point filters pertaining to
the classical 13-term LOESS 2 and its kernel representation as well as the
symmetric one.

Figure 6 exhibits the trend-cycle data of both last point asymmetric fil-
ters as well as the final one. Clearer than the previous series, the kernel
has superior performances in terms of revisions than the classical last point
asymmetric filter, with MAPR equal to 1.06 for the former and to 4.00 for
the latter.

Finally, the third series is the monthly US Total Exports, covering the
period January 1987 - December 1994. The I/C' ratio is equal to 4.43 in-
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Figure 6: New Order for Durable Goods final and preliminary estimates

dicating that the default option of X11ARIMA will select a 23-term filter
as appropriate for trend-cycle estimation. The last point asymmetric kernel
performs strongly better than the classical end point filter (Figure 7), with
a MAPR equal to 0.88 for the former and equal to 3.14 for the latter. In
general, the MAPR tends to decrease when the noise variance is dominant on
the signal one, with an increasing better performance for the kernel than the
(last point) asymmetric Cleveland filter, that always tends to underestimate

the underlying trend.
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Figure 7: US Total Exports final and preliminary estimates
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6 Conclusions

We derived the kernel representation of a locally weighted polynomial smoother
which can be applied for current economic analysis, namely the LOESS one.
We followed a strictly nonparametric approach of the reproducing kernel
Hilbert space methodology by means of a fundamental theorem of Berlinet
(1993). This states that a kernel estimator of order p > 2 can always be de-
composed into the product of a reproducing kernel R, ;(-,-) and a probabil-
ity density function fy with finite moments up to order 2p. The reproducing
kernel belongs to the space of polynomials of degree at most p—1. An impor-
tant outcome of the RKHS representation is that the LOESS filters can be
grouped into a hierarchy identified by the tricube density fy, and containing
kernels of order 2,3,4,... which are product of orthonormal polynomials by
Jo.

Within the LOESS tricube hierarchy, the third order kernel performs better
than the lower order one as trend-cycle estimator. In the context of LOESS
2 asymmetric kernel representations it is shown how these possess gain func-
tions with better properties of signal passing and noise suppression relative
to the classical ones. Applied to real data characterized by different degrees
of noise to signal ratios, for every selected filter length, the reduction in the
mean absolute percentage revision (MAPR) is very large for the LOESS last
point predictor relative to that developed by Cleveland (1979). The latter

always tend to underestimate the underlying trend.
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