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Abstract

This paper provides a theoretical fractional cointegration analysis in
a nonparametric framework. We solve a generalized eigenvalues problem,
extending Bierens’ (1997) approach. To this end, a couple of random ma-
trices is constructed, distinguishing between stationary and nonstationary
part of the fractional integrated process. The asymptotic behavior of such

matrices is studied and convergence results are obtained.
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1 Introduction

The concept of cointegration has been introduced by Granger(1981) and ana-
lyzed by Engel and Granger (1987). Most of the analyses have mainly consid-
ered the CI(1,1) cointegration case, in which two or more I(1) variables give

rise to I(0) linear combinations and the long run relationships are derived with
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little or no restrictions on the short run dynamics. In order to avoid the knife-
edge 1(1)/1(0) distinction and to allow for potential slow adjustments towards
long run equilibria, fractional cointegration approaches have been proposed.
Consider a two-dimensional process (X;Y;) such that both variables are I(d)
processes. We say that X; and Y; are fractionally cointegrated if there exists a
linear combination Uy = Y;— BX; such that Uy is I(dy ), with dy < d. Fractional
cointegration is a generalization of standard cointegration, where d and dy are
1 and 0, respectively. Parametric and semiparametric fractional cointegration
models has focused on the reduction of the memory parameter from d > % to

dy < % since cointegration is commonly thought if as a stationary relationship

1

between stationary, but cases in which the differencing parameter is less than 35

are also discussed, in particular in the context of financial time series analysis.
A partial list of works includes Jegathan (1999), Breitung and Hassler (2002),
Davidson (2002), Robinson and Yajima (2002), Robinson and Hualde (2003),
Nielsen (2004), Marmol and Velasco (2004). While Jegathan (1999), Breitung
and Hassler (2002), Davidson (2002) and Robinson and Hualde (2003) devel-
oped parametric models, Robinson and Yajima (2002), Nielsen (2004), Marmol
and Velasco (2004) and Robinson and Iacone (2005) worked in a semiparametric
context.

In this paper new theoretical nonparametric approach is proposed. The con-
tribution of this work to the literature on cointegration analysis is as follows:
First, the nonparametric approach of Bierens (1997) is modified by defining
new weight functions for the random matrix related to the nonstationary and
stationary part of the fractional integrated process. Second, the asymptotic re-
sults for such random matrices are obtained by using functional analysis theory.
Third, a solution of a generalized eigenvalue problem for fractional integrated
process is provided.

The paper is organized as follows. Section 2 presents data generating pro-
cess. Section 3 describes the model. In section 4 the asymptotic results and
the solution of the generalized eigenvalue problem are presented. Section 5

concludes.



2 Data generating process

Definition 2.1 Given p € N, a p-variate time series {Yi} is called fractionally

integrated with differencing parameter d (Y; ~ 1(d)) , if
Y:ic»e j with c-:M (1)
T TG+ Or(d)
where {€; }t>o i an i.i.d. p-variate vector sequence with zero mean.

d is the fractional degree of integration of the process.

The data generating process Y; is assumed to be a fractional integrated process
of order d satisfying the equation (1). Moreover, we assume that Yy = 0.

We want now to point out the standard distinguishing between the different
cases of fractional integrated processes of order d, Y;, as d varies. We remind

the reader to Robinson, (2003).
1. If d < 1/2, then Y; is stationary.
2. If 1/2 < d < 1, then Y; is nonstationary and nonpersistent.
3. If d > 1, then Y; is nonstationary and persistent.
Moreover, if 1/2 < d < 1, then Y; is non explosive, and it is explosive otherwise.

e Assumption I
There exists a p-squared matrix of lag polynomials in the lag operator L
such that
o0
€t = ZCjUtfj = C(L)’l}t, t= 1,...,’)’L, (2)
j=0

where v; is a p-variate stationary white noise process.

Now we state some hypotheses on C(L).

e Assumption II
The process ¢; can be written as in (2), where v; are i.i.d. zero-mean
p-variate gaussian variables with variance equals to the identity matrix of

order p, I,, and there exist Ci(L) and Cy(L) p-squared matrices of lag



polynomials in the lag operator L such that all the roots of detC4 (L) are
outside the complex unit circle and C(L) = C1(L)~1Cq(L).

The lag polynomial C(L) — C(1) attains value zero at L = 1 with fractional

algebraic multiplicity equals to d. Thus, there exists a lag fractional polynomial
D(L)=Y DiL%, Dy G €R, Yk=1,...,+x,
k=0

such that C(L) — C(1) = (1 — L)4D(L) and (}, is increasing.

Therefore, we can write
e = C(L)vy = C(1)v; + [C(L) — C(1)]vy = C(1)wg + D(L)(1 — L)%y (3)
Let us define w; := D(L)v;. Then, substituting w; into (3), we get
e = C(1)v; + (1 — L)%w;. (4)

(4) implies that, given Y; ~ I(d), we can write recursively
t
AT, =AY e =AY+ (1- Dwy —wo + C(1) Y vj. (5)
j=1

If rank(C(1)) = p — r < p, then the process AY~1Y; is cointegrated with r
linear independent cointegrating vectors 71,...,7,. Starting by (5), we can
show that Y; is cointegrated with r linear independent cointegrating vectors,
that are linear combinations of v1,...,7,. For sake of simplicity and without

losing of generality, we will denote them as ~1,...,7,, as well.

e Assumption ITI
Let us consider R, the matrix of the eigenvectors of C(1)C(1)T corre-
sponding to the r zero eigenvalues. Then the matrix R D(1)D(1)T R, is

nonsingular.

Remark 2.1 Assumption III implies that Y; cannot be integrated of order d,
with d > d. In fact, if there exists d > d such that Y; ~ I(d), then the lag
polynomial D(L) admits a unit root with algebraic multiplicity d — d, and so
D(1) is singular. Therefore RI D(1)D(1)T R,. is singular, and Assumption II
does not hold.



3 The model

The aim of this section is to construct a couple of random matrices, in order to
address the solution of the generalized eigenvalue problem.
The random matrices are assumed to be dependent on an integer number m > p.

Let us fix k =1,...,m. We define

A, = Zan’kazﬁk; (6)
k=1

By =Y bniby g, (7)
k=1

where

. Mgonst/\/ﬁ ;
’ \/fka(sc)Fk(y) min{z, y}dzdy
M

,/ka(a:)de.

The terms M°"* and M:' take into account the nonstationary and stationary

a

(9)

bn,k =

part of the process, in the sense of the a-th differences of Y;, a real number.
Therefore, we need to consider the distinction pointed out in the data generating

process section. Moreover, we recall that
Y, ~I(d) = A%Y; ~ I(d — «). (10)
We formalize the presence of two cases.

Case 3.1 Ifd < 1/2, then A%Y; is a nonstationary process for a € (—oo,d —

1/2) C (—00,0), and it is stationary otherwise.

Case 3.2 Ifd > 1/2, then A%Y; is a stationary process for a € (d—1/2,+00) C

(0, +00), and it is nonstationary otherwise.

Then

1 d—1/2 n
M:lmnst — E Z Fk(t/n)Ad_ln + / {¢1 (’I’L, a) Z Gk,a(t/n)Aayt dOé;
t=1 i t=1

(11)



+o0 n
[qﬁz(ma)ZHk,a(t/n)AaYt}da, (12)

—-1/2 =1

with opportunely chosen ¢1, @2, Fi, G o, Hy o, We are going to speak about.

1 n
st _ d
M = - gl Fy(t/n)A Yt—f—/d

We need three functional classes. For sake of clarity, we use at this aim two

definitions.
Definition 3.1 Let us fikm e N, k=1,...m.

(i) There exists a function 01 : (—oo,d —1/2) — R and ¢1 : N x (—o0,d —
1/2) — R such that

a— 01(a), 0, € L'(—o00,d —1/2)
and
Vi (n,0) Y 1°Gralt/n)| < 01(0),  Va€ (~o0,d=1/2).
t=1
(ii) For each o € (—o0,d — 1/2), it results
1irJIrl Vnoi(n,a) Z Gra(t/n) =0; (13)
=1
(iii) There exists a function 02 : (d —1/2,400) — R and ¢g : N x (—o00,d —
1/2) — R such that
a— Os(a), 0y € L'(d —1/2,40c0)
and

’nqbg(n,a) ZHk’a(t/n)‘ <Oy(a), Vae(d-1/2+x).

t=1

(iv) For each a € (d — 1/2,+00), it results

lim nga(n, @) Y t* Hyo(t/n) = 0; (14)

n—-+4oo
t=1
The functional classes Gy, o and H, o are
G = {le :[0,1] — R (i), (ii) hold } (15)

Mo = {H;W :[0,1] — R, | (i), (i) hold } (16)

)



Definition 3.2 Consider the following conditions:

\}ﬁng(t/n) =o(1); (17)

% >t (t/m) = o) (18)

| [ F@B@minte sy =0, i (19)
[ F@ [ Fasy =0, iz (20)
[R@p @ =0, iz (21)

The functional class F, is
Fpp 1= {Fk :0,1] — R, Fy € C1[0,1]] (17) — (21) hold } (22)

Remark 3.1 Bierens (1997) shows that the functional class F,, is not empty.
He pointed out that, if we define

F,:R—R
such that
Fy(x) = cos(2kmx), (23)
and taking the restriction
Fr, == Filjo,1),

then Iy, € F,p,.

Remark 3.2 G, o and H, o are not empty. There exist infinite suitable func-

tions ¢1, ¢a, 01, 02 such that Gy o € Gm,o and Hy.o € Hm -

4 Asymptotic results

In this section the generalized eigenvalue problem is solved. To this end, we
define the following p-variate standard normally distributed random vectors:
[ Fr(z)W (z)dz
Xk» = )
VI Fu(@) Fe(y) min{z, y}drdy




Ex (W) = [ fr(x)W (z)da

Y, =
F J Fi(z)?dx ’

Xy = (RZ—TCU)C(l)TRp—r)%Rg—rc(l)Xk ~ Np—r(0, Ip—r),
v = (RI,CCW R, BRI COOM,
Yi* o= (BT D(1)D()T R,) ™ RT D(1)Yy ~ N, (0, ).
Furthermore, we construct the matrix V;.,,, as
Ve = (RT D)D) R,) V7, (RTD(1)D(1)T R,)?,

where
m m m _1 m

Vi = (3 t) - (S i) (3wt (3o,
k=1 k=1 k=1 k=1

Theorem 4.1 Assume that Fy, € Fp,, G € G, 0nd Hy o € Hppo and As-
sumptions I, II and III hold.

o Let us consider 5\17m > .. > /A\pym the ordered solutions of the generalized

etgenvalue problem
det| Ay — A( B + n*zA,;l)] =0, (24)

and let us consider i, > ... > Ap—ypm the ordered solutions of the

generalized eigenvalue problem

M M
det[z XixT Ay Y,:Y,:T} —0, (25)
k=1 k=1

where the X! ’s and Y;"’s are i.i.d. random variables following a Ny (0, I,—,)
distribution.

Then we have the following convergence in distribution

Moy -3 Apim) — Aoms -+ o5 Aprm 0, .., 0).



o Let us consider \] ,,, > ... > Ay . the ordered solutions of the generalized

eigenvalue problem
det [V,:‘jm ~AMRTDA)DM)TR,) = 0. (26)

We have the following convergence in distribution

n2(>\p—7’+17m’ e )‘p,m) - (AT?7YL7 ] A:,zm)

Proof. Due to Lemmas 1, 2 and 4 (Bierens, 1997), it is sufficient to study
the asymptotic behavior of \/nM™"t and nM3t.

We have .
lim /nM™"" = lim € > Fi(t/n)AY+
n—-+o00 n n—-4oo \/ﬁ ] ’ ’
d—1/2 n
+ lim [gbl(n, )Y Gk,a(t/n)A“Yt} da =: Ly + Lo

t=1

By Bierens (1997), we have to show that Lo = 0.

Since Gg,a € Gm.a, then the existence of the function 6y (defined in (i), Defini-
tion 3.1) guarantees, that the Lebesgue Theorem on the dominate convergence
holds. Therefore we can write

d—1/2 n
L2:/ lim [q’)l(n,a)ZGk7a(t/n)A°‘§Q]da.

n—-—+oo
t=1

Moreover, the fractional lag-difference process A“Y; is well defined, and the
condition (ii) of Definition 3.1 assures that L, = 0, and the first part of the

proof is complete.

Now,
1 n
. st __ : - d
i M=l DD Bult/matyi
+0o0 n
+ lim {q&z(n, @) ZHk,a(t/n)Ao‘Yt}da =: L3+ Ly.

n——+o00 d—1/2 =1

We have to show that Ly = 0 (Bierens, 1997).

Since Hy o € Hum,a, the existence of the function 6y (defined in (ii), Definition



3.1) implies that we are in the hypotheses of the Lebesgue Theorem on the
dominate convergence. Thus we have

Ly = /d ™ [@(n,a)in,a(t/n)Aan da.

n—-+o0o
—-1/2 =1

The condition (ii) of Definition 3.1 assures that Ly = 0.

The result is completely proved. =

5 Conclusions

In this paper a nonparametric cointegration approach for I(1) processes devel-
oped by Bierens (1997) is extended to the fractional I(d) process. In order to
solve the eigenvalue problem, two random matrices, taking into account the sta-
tionary and nonstationary part of the data generating process, are constructed.
A general approach, that allows to consider either persistent and antipersistent
processes, is proposed. This paper makes three contributions to the growing lit-
erature on cointegration analysis. First, a new class of weight functions for the
stationary and nonstationary part of the fractional I(d) processes is introduced
in a very general framework. Second, the asymptotic results for such random
matrices are obtained by using functional analysis theory. Third, a solution of
a generalized eigenvalue problem related to the fractional integrated processes

is provided.
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