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ABSTRACT. We extend the study of the algebraic structure of the
VAR, (k) model defined from the fractional lag operator in Jo-
hansen (2005) and derive conditions under which its solution is
fractional of order d and displays linear combinations that are
fractional of order d — b, d — 2b,---, d — c¢b > 0, for integer c. We
then find the corresponding moving average representation and the
cofractional relations.

1. INTRODUCTION

Based on the idea in Granger (1986), Johansen (2005) defines the
VAR4(k) model by the following error correction mechanism

k

(1.1) AYXy = af ATPLX, + Y TIATLX, + 6
=1

where A=1—L, deR, 0<b<d, and

Lb:1—(1—L)b:L§(nil)(—L)",

and studies the conditions under which the solution of (1.1) is frac-
tional of order d and some linear combinations of the process are either
fractional of order d—b or fractional of order d—2b. The conditions and
representations are analogous to the well known /(1) and /(2) cases.
In this paper we extend this approach and derive a complete char-
acterization of the polynomial cofractional relations in the V ARy (k)
model; that is, we give conditions on the autoregressive coefficients un-

der which there are linear combinations of the solution of (1.1) that
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are fractional of order d — b, d — 2b,--- , d — ¢b > 0, for integer ¢, and

derive the corresponding moving average representation.

2. SOME DEFINITIONS AND AN USEFUL TRANSFORMATION

The definitions and the transformation are taken from Johansen
(2005). The definition of order of fractionality of a stochastic process

1S

Definition 2.1. If > ||Ci||* < o0 and C(z) = Y 2, Ciz', |2] < 1
can be extended to a continuous function on the boundary |z| = 1, we
call the stationary linear process X, = C(L)e; fractional of order zero,
F(0), if the spectrum at zero wx(0) = 5=C(1)QC(1) # 0. For such

T

processes we denote with F(0)y the class of asymptotically stationary

processes of the form

1
Xt — Zzzo Cieimi t= 1,2,
t 0 t—0,—1,--

If AiXt — uy € F(0) for some deterministic function p; that depends
on initial values we say that X, is fractional of order d, and write

X, € F(d).
The definitions of cofractionality and polynomial cofractionality are

Definition 2.2. The F(d) process X; is cofractional if there exists 3
such that 3’ Xy is F(d—b) with 0 < b < d. It is polynomially cofractional
if there exists some linear combination of X, and its past that is F(e)
for some 0 < e <d-—b.

Resembling the usual concepts in the theory of cointegration, we
say that a process is cofractional when it is fractional of a given order
and specific linear combinations have a lower order of fractionality; we
say that it is polynomially cofractional when it is possible to define a
process that has a lower order of fractionality by combing linearly the
process at different points in time.

In order to derive the solution of (1.1), one should study the prop-
erties of its characteristic polynomial

k

" (2) = (1—z)dl—aﬁ'(1—z)d_b(1—(1—2)1’)—2 [ (1—2)4(1—(1—2)%)".

=1
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Johansen (2005) shows that one can instead study the standard char-
acteristic polynomial of the cointegrated VAR model

k
(2.1) M) = (1—u)l —afu— Y Ti(l—u

i=1
and relate it to IT*(z) through the equality IT1(u) = (1 — z)*~1*(z) and
the mapping u =1 — (1 — 2)°.

If the roots of det(Il(u)) are either u = 1 or outside of the image
of the unit disc under the mapping z +— 1 — (1 — 2)® and the well
known /(1) condition holds, then the solution of (1.1) is an F(d) process
that displays linear combinations that are fractional of order d — b
and there is no way of lowering further the order of fractionality by
linear combinations. When instead the I(1) condition fails and the
I(2) holds, different F(d — b) processes can be linearly combined and
become fractional of order d — 2b and no further decrement is possible.
The intuition would then suggest that if the I(2) condition is broken
and an I(3) condition formulated, (1.1) would generate an F(d) process
whose linear combinations would be fractional of order d — b, d — 2b
and d — 3b at most, and so on.

This is what we make precise in Lemma 3.1 below; there we provide
the condition on the autoregressive coefficients (the I(c) condition)
under which the solution to (1.1) is an F(d) process such that the
order of fractionality can be taken down to d — b, d — 2b,---, d —
cb > 0, for integer ¢, by taking linear combinations. In Lemma 3.2 we
give a characterization of the cofractional and polynomial cofractional
relations displayed by that process.

3. THE ALGEBRAIC STRUCTURE OF THE VAR,;(k) MODEL

We want to study processes that have either unit or stable roots;
that is we require that

det(Tl(u)) = (u = 1)"g(u), g(1) # 0

with m > 0 and that the roots of g(u) are outside of the image of the
unit disc under the mapping z +— 1 — (1 — 2)? (see Johansen, 2005, for
the derivation of the result).

From det(II(1)) = 0 it follows that II(1)) has reduced rank and thus
that it can be written as the product of two non square matrices of
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full column rank; that is —d;y; = II(1). Moreover, it follows that the
adjoint of IT(w) is

adj((w)) = (u— 1)°H(u)

with a > 0 and H(1) # 0.

The reason is the following: if rank(II(1)) <p—lanyp—1xp—1
submatrix of II(1) is singular and and thus any minor is zero; if instead
rank(II(1)) = p — 1, there is at least one p — 1 x p — 1 non singular
submatrix of II(1) and thus a non zero minor. Since the adjoint is
constructed from the minors of TI(u), it follows that u — 1 can be
factored out to some power a > 0 when rank(II(1)) < p — 1 while
a =0 when rank(II(1)) =p — 1.

The inverse is then equal to
L edilw)  H(u)

M(u)™ = det(TT(u) = (a = Dg(a)’ u # {u : det(Il(u)) = 0},
where H(1) # 0, g(1) # 0 and ¢ = m — a > 0 is the order of the pole
of the inverse function at the unit root. Thus the Laurent expansion

around this singularity is!
— Cc Ccfl Cl
I1 — .
(u) (1 _ 'LL)C + (1 _ u)cfl + +
where D(1,6) is the disc centered in u = 1 with radius ¢, C'(u) is well
defined at u = 1, and the coefficients are

- () (49)

Franchi (2006) shows the equivalence between m —a = 1 and m —

T o +C(u),ue D(1,0)\ {1}

u=1

a = 2 and the well known /(1) and I(2) rank conditions in Johansen
(1996). The statement about the rank of a matrix which is needed
to determine the order of the pole is here replaced with one on the
difference of two numbers. It is this simplification that makes the
derivation of the general result in Theorem 3.3 possible; in fact the
relation between IT(u) and II(u) ™!, the sequence of rank conditions, and
the cofractional vectors will appear from the relation IT(u)adj(I1(u)) =
adj (I1(w))II(u) = det(II(w)), which is now written as
(3.1) M(u)H(u) = H(u)l(u) = (u — 1)°g(u)l.

IFor notational convenience we write II, H and g instead of II(1), H(1) and
g(1); similarly, we also drop the reference to one in the derivatives, that is we let

nm = %H(u”u:l and H™ = gH(u)} When convenient we write IT and

II for first and second derivatives.

u=1"
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It is clear that v is a cofractional vector if and only if it is such that
v'C. = 0, where C, = %H is the leading coefficient in the principal
part of IT(u)™'; (3.6) in Lemma 3.2 implies

Co= (1) s -7 AT 81
where A, is the full rank matrix which provides the Johansen’s rank
type of condition for integer ¢ and d, and v, are defined by the sequence
of reduced rank matrices in Lemma 3.1. Then the cofractional vectors
are given by s =J11 -+ Ys-117%, s =1,--- ,c.

Since (u — 1)°g(u)I needs to be differentiated at least ¢ times to be
different from zero at v = 1, the derivative of order n of (3.1) at u =1
immediately provides the following relations
(3.2)

— / (n) n n (’U) (n—v): O lf n:17...7c_1
(51’}/1H +Zl(v>n " {c!g[ if n=c.

The manipulation of these expressions yields the cofractional and
polynomial cofractional properties of the process that will be presented
in Theorem 4.1. The algebraic results that lead to these are collected
in Lemma 3.1, Lemma 3.2 and Theorem 3.3 below.

Lemma 3.1. Let c = m—a; then fors =1,--- ,c—1 the square matriz
(3.3) As = 6;L T 5/1¢9f7u sl
with
s—1 3 95—1
(34) 6y =1 and 65=06;""> B;ai0) + ﬁ for s #1,
j=1

where g = 011 - 051105 and Bs = F11 - - Ys—117s, has reduced rank.
It is then written as the product of two mon square matrices of full
column rank

—5s+17;+1 = As.

For s =c,
(3.5) Ae=000 0101 ver
18 full rank.

PROOF. See Appendix. m

Note that the result specializes for ¢ = 1 into

Ay =6 Ty,
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being full rank and for ¢ = 2 into det(A;) = 0, =75, = A; and

T 1 |
Ay = 85,07 {151 TT + 5}’Yu’7u

being full rank, which are the well known (1) and /(2) conditions. In
general, as long as s < ¢, A in (3.3) has reduced rank and thus it is
written as the product of two non square matrices 0511 and vsi1. Asiq
is then constructed from the orthogonal complements of 41, -« ,ds1

057! which is a complicated function

and 7y, , 711 and the matrix
of 61,-++,8s, Y1,--+,7s and 6},--- 65 that can be computed using
(3.4). When s = ¢, A. becomes full rank, no additional smaller base
can be defined and the recursion ends.

The main difficulty in getting these rank properties correctly con-
sists in looking at the right matrices (the ) in the right coordinates
(010 ++-0s1 and 414 ---7s1). These rank conditions are very impor-
tant because they define the sequence of coefficients that characterize

cofractionality and polynomial cofractionality.

Lemma 3.2. Letc=m —a, s=1,---,c and Bs = Y11 - Ys_117s;
then

(3.6) H=r1 7l A6, -0, 9,

(3.7) BLH =0,

and

(3.8) B;H(”):dgvzz;(Z)@jH("”),n:1,~~,c—s

with oy, ds, s, 05, and Ag as in Lemma 3.1.

PROOF. See Appendix. m

The cofractional vectors (see (3.7)) are given by B = Y11« Js—1.17s:
(1 is orthogonal to 1, , (5 lies in that part of sp(v1, ) which is orthogo-
nal to sp(7y2. ), (3 in that part of sp(72. ) which is orthogonal to sp(~s, ),
and so on. At any iteration the space spanned by sp(7ys_11) is split into
the two orthogonal subspaces given by sp(v;) and sp(vs,); the first is
used for constructing J; and part of the second for (s.1. Smaller and
smaller dimensional spaces are met at any iteration until the full rank
matrix A, is found and no other cofractional vector can be defined.

Next Theorem collects the algebraic results that are needed for the
representation of the solution of (1.1).



Theorem 3.3. The coefficients of

C Ce._ C
-1 c c—1 . 1
M) =g T T T 1o T W
satisfy
(3.9) C= (=1L YL A0, 01,
(3.10) BC.=0, B,Cer #0,
and
(3.11) BCon=0,Y 0:Ccnsp, n=1,--+ ,c—s.
v=1
Then
B Il(u) ™!

has a pole of order c — 1 at u =1 and

n

w-a Y Sl - o

v=1

has a pole of order s — 1 at u = 1.

PROOF. See Appendix. m

Note that the result specializes for ¢ = 2 into
Co = Y1172 A58, 01,

B1 =71, B2 = Y1172,
so that
B1Cy =0 and (5Cy =0
imply that #I1(u)~! and B5I1(u)~! have a pole of order one at u = 1.
Moreover,
B,Cy = & TIC,

implies that {3} + @,II(1 — z)}II(u)~" has no pole left. These are the
well known cointegrating relations in the I(2) model (see Johansen,
1996).

In general, the ¢ directions in which the pole becomes of order ¢ — 1
are given by the i, s, , 0. found in Lemma 3.2. When ¢ = 1
the only possibility is given by v = 3 and ~,II(u)~! has no pole at
u = 1; when ¢ = 2 both {II(u) ™" and ¥, II(u) " have a pole of order
one. The important difference among the s can be understood only
when we consider polynomial cofractionality. The reason being that
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depending on which direction we choose the order of the pole can be
reduced differently by taking linear combinations. Think about the well
known [(2) case: in the (3; = 7; direction we can combine the two 7(1)
processes v; Xy and AX; in such a way that their linear combination
is stationary but no such way exists in the #; = 71, 75 direction where
the only way of reducing 747, X; to stationarity is by differentiation.

This is exactly what happens in the general case (see theorem 3.3): in
the (3 direction we eliminate the pole by taking linear combinations, in
the (5 direction we have a pole of order one, in the 33 direction of order
two, and so on until the . direction in which no linear combination

can reduce the order of the pole.

4. THE REPRESENTATION THEOREM

Theorem 4.1 (Representation of cofractional processes). Let ¢ = m—a
and the roots of det(I1*(z)) = 0 either at z = 1 or stable; then X; has
the representation

(4.1)

X = CCA:Lth + Oc—1A1d+b€t + et C1A4_rd+(c_1)b€t + A;dJFCbY;JF + e

where the coefficients satisfy (3.10) and (3.11).
The process Yy is stationary, X, is fractional of orderd, (f1, B2, -, Bc) Xy
is fractional of order d — b and

n 1)y
(42) ax-a Y Sl aarx,
v=1 '

is fractional of order d — (¢ — s + 1)b.

PROOF. The result follows from Theorem 3.3; details to be added.
[ ]

From the moving average representation in (4.1) we see that X, is
composed of F(d—cb) up to F(d) processes which are generated by cu-
mulating €, and Y;. Each of the components is loaded into X; through
the corresponding C' coefficient and in (3.9) we give the explicit expres-
sion of C., which defines the cofractional relations

31X, ~ F(d —b),
BpXi ~ F(d =),

B.X, ~ F(d—b).



9

The other C' coefficients are more complicated and not very inter-
esting in themselves; what is important is to understand which linear
combinations of the process have a lower order of fractionality. These
are the polynomial cofractional relations described in (4.2) which state
that

BIX, — ay S S0 AY X, ~ F(d - cb),
By X, — a0 CR2AR X, ~ F(d — (¢ — 1)b),

Xy a0 AY X, ~ F(d — 2b).

So we see that in the (; direction we can combine the process in
such a way that we go from F(d) to F(d— cb), in the (35 direction from
F(d) to F(d — (c —1)b), and so on up to the [. direction in which no
polynomial cofractionality is present.

Note that the result specializes for ¢ = 2 into

Xt = CgA_T_dEt + 01A1d+b€t + A_T_d+2by;5+ + Mt
(51752)1)(1% ~ f(d - b),

and
31X, + ayTIAY X, ~ F(d — 2b)
which is found in Theorem 10 in Johansen (2005).

5. CONCLUSION

We have extended the study of the vector autoregressive model that
generate fractional, cofractional, and polynomial cofractional processes.
The model appears extremely flexible, since it is able to generate pro-
cesses that possess an very rich cofractional structure; this model could
then be used to study economic and financial series in a model based
framework.
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APPENDIX

Proor or LEMMA 3.1 AND LEMMA 3.2. The proofs of the two
Lemmas are done jointly; (3.3), (3.4) and (3.8) are proved by induction
on s, so we begin by proving these results for s = 1.

For convenience we rewrite (3.2) here
n - n v n—uv
(5.1) —51%H()+2(U>H()H( ) =0,n=1,---,c—1.

Pre-multiply it by o/, let 31 = 71, @y = 61, ny = n and 6} = I1™); then

ni — G n ny—v
(5.2) "H{ >:o/12;( Ul )ejjfﬂ )

proves (3.4) and (3.8) for s = 1.
Now let n. = 1 in (5.1), substitute H = 71, ¢80, , and 8} = II to have

—6 Y H + 0y 19167, = 0;
pre and post-multiplication by &), and d0;, gives
8,011 =0

and since det (8], 01v11) # 0 contradicts ¢; # 0, Ay = 87, 01{~;, must
be of reduced rank. This completes the proof of (3.3), (3.4) and (3.8)

for s = 1.
From Aj¢; = ¢1A; = 0 (see (3.1)) and

for two non square matrices do and ¥y of full column rank, it follows
that ¢; = Y91 205, for some ¢o # 0 and thus that

H = 71L72¢¢25§L51L

To see how the proof works in general we now discuss the case s =
2 < ¢; the second derivative of (3.1) at u =1 is

IH + 211H +11H = 0
that is (see (5.10) below)
—0Y\H + 201 H + 0 H = 0.
Pre-multiplying it by d], we have that (see (5.11) below)

(5.4) 20, 0LH + 0, 0 H = 0
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and by the identity I = v,,%,, + 7171 and B = v, that
01, 01 H =61, 0173 H + 6 01318 H = Avyy, H+ 61, 01513 H .
—_——— ———
partA partB
By (5.3) part A is equal to

Ay H = =7y H,

and since
BLH = ai0yH,
by (5.2), part B becomes
01, 013 H = 61,01 51401 H.
Letting B9 = 71172, we then have that
O OV H = —8,8,H + &), 0151, 0i H

and thus that (5.4) becomes (see (5.12) below)
(5.5) —6,8,H + 68 0°H =0

having set
1

0f = 01/hai0; + %2
which proves (3.4) for s = 2.

Now pre-multiply (5.5) by &, and let ap = 011 02 to have (see (5.13)
below)

BH = ay01H,

which proves (3.8) for s = 2.

Now pre and post-multiply (5.5) by 05, and 7, and use H = (o217},
to get

1507 Cagpr = 0.
Since |n,0%¢s| # 0 contradicts ¢ # 0, 7502¢, must have reduced rank
and thus it can be written as

0373 = UQQ%Q-
Then 057502 = ¢20374 = 0 follow from the two versions of the identity
(3.1) and imply
Y31 P30, = o
for some ¢3 # 0. This completes the proof of the statement for s = 2.

Now we show that if the statement holds for s = 1,--- |k then
it holds for s = k + 1 for any k. Let By = Goo17m, G = Co1Vel,
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= Mk—10k, Mk = Me—10kL, Nk = n + 1 — k and write (3.8) - (3.4) for
s = k; that is

nk
(5.6) /B;H(nk) — d;c ( T;k ) QSH(%—U)’
v=1
(5.7) _5k+1'71/<;+1 = n;g@]fgky
(5.8) Vi1 L P4 1011 = P,
and
01
5.9 =05t Gt
(5.9) Z@ a T

Substituting @, = n_10), into (5.6) we see that
nk
n Nk ng—v
(5.10) — OB H ™ 1, §1 ( . )efjm ) =)

and by pre-multiplying it by 6, , letting n, = nx_10,.1, changing index
in the summation, and using ng,1 = ni — 1 that

Nk+1
(511) ( 1 ) kek nk+1 + nk Z ( 1 ) 91123+1H(nk+1—v) —0.

By the identity I = (), + ijl 3,3, we write
k
n;@lfH(nkH) — n;g’fgk@;[{(nkﬂ) + 77’;9116 ZBjﬁé‘H(nkH);

J=1

by (5.7) we have that

MOT GG H ™) = =8y 1yp oy G H )

and by (3.8) for j =1,--- , k that

Nk+1

ﬂ Hme1) — O_/ Z < Mk+1 ) giH("kﬂ—’U)

which means that

k k Ngy1
n,’ﬁ’f Z Bjﬁ;]—[(nkﬂ) — 77]’691{3 ZB ; ( Nk+1 ) QJH(W‘H v)

j=1 v=1

Rearranging terms and setting 6k+1 = (ks 1, We then have that

Tk+1
U;celfH(nkH = —5k+1ﬁk+1 (nk“ _H7 Z < ) ekzﬁﬂ _/GJH )
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which implies that (5.11) can be written as

Ng41
(512) _5k+1ﬁ]/g+1H(nk+l) + 77]; Z ( N1 ) ‘95+1H(nk+170) -0
v
v=1
where
k ek
0k+1 — 0k 7‘7/'0]‘ v+41
v 1 ;ﬂ]aj v + v+ 1

and hence (3.4) holds for s = k + 1.
Pre-multiplying (5.12) by 5§§+1 and setting @pi1 = NpoOpy1, We see
that

Nk+1
(5.13) B 0 = @y Z ( n’;}“ ) Oyt H )
v=1

which is (3.8) for s = k + 1.

To see that also (??) and (??) hold for s = k + 1, note that the
repeated application of (5.8) implies H = (j11¢p+17),11; DOW let ngyq =
1 in (5.12), pre and post-multiply it by 6}, and 7541 to get

772;+19]f+1Ck+1¢k+1 =0.
Since |1}, 107 Ger1| # 0 contradicts ¢p1 # 0, 1,105 Cry1 must have
reduced rank and thus it can be written as

k+1

/ /
_6k+2'7k+2 = 101 Chr1

proving that (?7) holds for s = k+1. Then 6p127;,  2Ok+1 = Prt10k42Vr0 =
0 follow from the two versions of the identity (3.1) and imply
Verol Prr20iio) = Pri1

for some ¢p42 # 0, which is (??) for s = k + 1. Then (3.8) - (3.4) hold
for s = k + 1 and the induction part of the proof is complete.
To see that (?77) is true, note that using the previous recursion the

derivative of order ¢ can be written as
—61eH + 1107 H = gl

Pre-multiplying by 6., and using 1. = 1.-16.., we have n/0{H = ¢d., .
Since H = (.¢.1n. and 9., . = I, post-multiplication by 7, turns it into

77(/;9§<c¢c = gI

and the proof is complete. m
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PrROOF OF THEOREM 3.3. (3.10) and (3.11) follow from Lemma
3.2 (details to be added). The Taylor expansion of H(u) at u = 1 is

written as

cC—S H(U)
H(u) = Z (u—1)"+ (u— 1) A(u)
and then

cC—S (U)
(614)  BH@) =83 1) (- 1) A

v=1

follows from G.H = 0.

Using (3.8) and rearranging terms, we have that

s [ e
/ - _11):7/ ‘v _]_k
ﬁS; =1 sz:”! 2 (k_v)!(u )

and since
s p(k—v)
(u—1)"H(u) = (u—1)F+ (u— 1) B(u)
k=v (k: N ?))'
we have that
c—S 95
J'=ay ) S(u—1)"H(u) + (u— 1) C(u)
v=1

Then (5.14) is rewritten as

(515) (G- al Y (= )"VH () = (0~ 1 D).

v=1

Dividing both sides of (5.15) by (u — 1)%g(u) we have that

S e P
{ﬁs SZ U'< 1) }H( ) (u_ 1)3*1g(u)

and since (1) 7£ 0 the pole at u = 1 has order s—1. Since the difference

operator is defined as A =1 — L we use (—1) to turn v — 1 into 1 — u
and the proof is complete. m
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